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Introduction



2.1 What is Stochastic Kinematics ?

Problem 1: A random walker on a sphere starts at the north pole. What
will the probability density function describing his position be based on
the properties of his walk ?

Problem 2: The cart-like robot shown in Figure 2.1 moves around in
the plane by turning each of its two wheels. This reference frame can be
thought of as the time-dependent rigid-body motion

cosf) —sinf x
g=| sinf cosf y (2.1)
0 0 1

Let the two wheels each have radii r, and let the distance between the
wheels (called the wheelbase) be denoted as L. Imagine that the angles
through which the wheels turn around their axes are governed by “stochas-
tic differential equations” of the form



3(©9)

Fig. 2.1. A Kinematic Cart with an Uncertain Future Position and Orientation

de = w(t)dt + vV Ddu,
depo = w(t)dt + vV Ddw,



where dw; each represent “uncorrelated unit white noise,” D scales the
strength of the noise, and rw(t) is what the forward speed of the robot
would be if D were zero. Then a “stochastic trajectory” for g(t) in (2.1)
is defined by stochastic differential equations of the form

dx rw cos 0 % cos O % cos O du
dy | = [ rwsin® | dt+vD gsind 5sinf ( 1) (2.4)
db 0 b ) \dw
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The probability density f(z,y,6;t) corresponding to this equation is of
the form:

aof of . 0f
5 = TWCOSQ&E rwsmﬁay (2.5)
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Problem 3: A long and slender semi-flexible biological macromolecule,
such as double-helical DNA composed of 300 stacked base pairs, is sub-
jected to random Brownian motion bombardment by the surrounding sol-



vent molecules. If reference frames are attached to both ends of the DNA,
what will the distributions of rigid-body motions between these refer-
ence frames look like as a function of temperature and the stiffness of
the molecule?

Problem 4: One rigid body is set at a fixed pose (or position and orien-
tation) in a box, and a second rigid body is allowed to move uniformly at
random in the box under the constraint that it cannot intersect the first
body. How much free space is there for the second body to move?

Problem 5: A robot arm has errors in its joints. What is the correspond-
ing error distribution at the end effector ?

Problem 6: A steerable needle is inserted into firm tissue many times,
and the trajectories are not exactly repeatable. How can we describe the
ensemble of trajectories 7
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Gaussian Distributions and the Heat Equation



The main things to take away from this section are:

e To become familiar with the Gaussian distribution and its proper-
ties, and to be comfortable in performing integrals involving multi-
dimensional Gaussians;

e To become acquainted with the concepts of mean, covariance, and
information-theoretic entropy;

e To understand how to marginalize and convolve probability densities,
to compute conditional densities, and to fold Gaussians;

e To observe that there is a relationship between Gaussian distributions
and the heat equation;

3.1 The Gaussian Distribution on the Real Line

The Gaussian distribution with mean at p and standard deviation o is
denoted

p(w; 11,0%) = o) () = ﬁe_(:ﬂ_w 27 (3.1)




Another common name for the Gaussian distribution is the normal distri-
bution. Figure 3.1 shows a plot of the Gaussian distribution with u = 0
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Fig. 3.1. The Gaussian Distribution p(z;0,1) Plotted over [—3, 3]



and o = 1 plotted over the range [—3, 3].
The cumulative distribution function is

T

Fw;p, 0%) = / o(E: 1, %) dE.

—0o0

As 0 — 0 this is idealized with the Heaviside step function

. [1forax>0
H(z) = {Ofor x <0. (3.2)

3.2 The Maximum Entropy Property

The entropy of a pdf f(z) is defined by the integral:

s =-/ " f() log f(2)da (3.3)

where here log = log, = In.
S is computed in closed-form for the Gaussian distribution as



S(,O(%UQ)) = log(\/%a) (34)

For any given value of variance, the Gaussian distribution is the pdf
with maximal entropy:

m?XS(f) subject to f(z) >0

and
/_Z fla)dr =1, /_Z zf(z)de = p, /_OO (z — p)?f(x)dz = 0. (3.5)

o0
Using Lagrange multipliers:

% =0 where C' = —flog f + Af + hoaf + As(x — )’ f.

Solving gives f(z) = p(u02)(x). To show that it actually maximizes the
entropy (at least in a local sense), it is possible to define a perturbed
version of this pdf as

F(@) = piuon (@) - [1 4 €(@)] (3.6)



where €(x) is arbitrary except for the fact that! |e(z)] << 1 and it is
defined such that f(x) satisfies (3.5). In other words,

[ wntortoris = [ spytorions

o0 o0

_ /_ " (@ = 1)pn (@)ela)da = 0.

Substituting (3.6) into (3.3) and using the Taylor series approximation
log(1 +¢€) ~ e —€2/2,

s=- [ " ot (@) - [1 4 ()] 10g(pgue) @) - [1 + e(a)])da

oo

-/ " oty (@) (1 + ()] - [0g(py0n)(2)) + log(1 + e(2)))da

oo

= S(p(uon) — F(€) + O(c’)

where the functional F' is always positive.

!To be concrete, € = 0.01 << 1. Then € = 107 ° is certainly negligible in comparison to quantities that are
on the order of 1.



3.3 The Convolution of Gaussians

The convolution of two pdfs on the real line is defined as

(1% ) (@) = / A ol — ©)de, (3.7)

It can be shown that the convolution integral will always exist for “nice”
functions, and furthermore

fie NR) = fix e N(R).

The Gaussian distribution has the property that the convolution of two
Gaussians is a Gaussian:

p(w; 1, 07) * p(; pa, 03) = pla; i + pia, 07 + 03) (3.8)
The Dirac d-function can be viewed as the limit
d(x) = liH(l) p(x:0,0%). (3.9)

It then follows from (3.8) that
plw; p, 07) % 8(x) = pla; ;o).



3.4 The Fourier Transform of the Gaussian Distribution

The Fourier transform of a “nice” function f € N(R) is defined as
I R (3.10)

The shorthand f(w) = [F(f)](w) will be used frequently.
From the definition of the Fourier transform, it can be shown that

(Fi % [2)(@) = fiw) folw) (3.11)

(i.e., the Fourier transform of the convolution is the product of Fourier
transforms) and

fa) = [F (D) = 5 / " (@) d. (3.12)

This is called the inverse Fourier transform or Fourier reconstruction for-
mula



3.5 Diffusion Equations

A one-dimensional linear diffusion equation with constant coefficients has
the form

2
% = a% + b% (3.13)
where a € R is called the drift coefficient and b € R+ is called the diffusion
coefficient.
Taking the Fourier transform of u(x,t) for each value of ¢ gives
du

i (law — bwz)ﬁ with  4(w,0) = f(w).

The solution to this initial value problem is of the form
fb(w, t) _ f(w)e(iaw—bw%t'

Application of the inverse Fourier transform yields a solution. The above
expression for 4(w,t) is a Gaussian with phase factor, and on inversion
this becomes a shifted Gaussian:



—1/ datw —bw?t _ 1 ex . ('I + at)2
F e ) (0) = —— p(-—@;—).

Using the convolution theorem in reverse then gives

1 > C(ztat=§)
u(x,t) = m/_w (&) exp ( T ) d¢. (3.14)

3.6 The Multivariate Gaussian Distribution

The multivariate Gaussian distribution on R"” is defined as

U S (I PR
plin. £) = e {3 W x| (319

This is the maximum entropy distribution subject to the constraints

/ p(x: g1, ) dx = 1



/nXp(X;u,E)dxzu;
/JX ) (x— )T p(x; s, Z) dx = 5.

3.6.1 Conditional and Marginal Densities

A vector x € R" can be partitioned as

X
x= () =Bl e e

X2

where x; € R™ and xy € R™,
If f(x)= f([x],xI]7) is any pdf on R™*"2 then

fl(Xl) = - f(Xl,XQ) dXQ.

fo(x2) is obtained from f(x;,Xs) in a similar way by integrating over all
values of x;.



The mean and variance of fi(x1) are obtained from the mean and vari-
ance of f(x) by observing that

H1= / lel(xl) dX1
R"1

R™1 R™2

:/ / x1 f (X1, X2) dxa dx;
R”1 JR”2

Xn= /Rn (x1— p1)(x1 — )" fi(x1) dx;

and

=/ (x1 — p1)(x1 — 1) ( f(x1,%2) dX?) dx;
R™ R"2

=[] e ) ) dxa
R”1 JR"2



In other words, the mean vector and covariance matrix for the marginal
density are obtained directly from those of the full density. For example,
p=[ui,p3l"

Given a (multivariate) Gaussian distribution p(x; u, X)), the associated
covariance matrix can be written in terms of blocks as

21 En)
p—
<221 299
Where 211 = ElTl, 222 = Eg;, and 221 = E%;

The marginal density that results from integrating the Gaussian distri-
bution p(x, p, X') over all values of x5 is:

/ p([x1,x3]" 5, X)dxo = p(x1; 1, Eny). (3.16)
Rn2
Given f(x1,X2), the conditional density of x; given x5 is

f(xi|x2) = f(x1,%x2)/ fa(x2). (3.17)

Evaluating this expression using a Gaussian gives



p(x1,x3]"5 . X))/ p(xa; po, o) =

p(x1; 1 + X935 (X0 — o), Y11 — L1955 Xo1).

3.6.2 Multidimensional Integrals Involving Gaussians

First, it is well known that

1 1
/ e >dr=V2r = exp (—§XTX> dx = (2m)2.
— R

oo

o[

Here x € R” and dx = dx1dxs - - - dx,,. Note also that

/ e 3 dy = V2.

o0

These identities are used below to prove:

(3.18)

(3.19)

(3.20)

1 1
/ eXp(—EXTMX —m’x)dx = (27r)"/2\detM|_% exp <§mTM_1m>

(3.21)



and

1 tr(GA™ )
x'Gxe (——XTAX> dx = (2r)/2 22 2 3.22
/ X Gxep (5 ) T (3.22)

3.7 Folded, or Wrapped, Gaussians

In some applications, data on the circle is given, and a corresponding
concept of Gaussian distribution is needed. The tails of a Gaussian can be
“wrapped around” the circle as

k=—00

Recall that any 2m-periodic function, i.e., a “function on the unit circle”
can be expanded in a Fourier series:

2

=L S Fmen where )= [ @) s (324

0

n=—oo



where e? = cosnf+isinnf and i = v/—1. This leads to the Fourier series
representation of the folded Gaussian distribution:

w (05w, o + Z 22"2008 — ). (3.25)

As o becomes large, very close approximations can be achieved with the
first couple of terms in the summation in (3.25). In contrast, as o becomes
very small, using very few of the terms in the series (3.23) will produce a
very good approximation when p = 0.

3.8 The Heat Equation

3.8.1 The One-Dimensional Case

Consider the diffusion equation

of _ 1, .0 of

S = k(1) 5% —al) o (3.26)



The initial condition is f(x,0) = §(z). The solution f(z,t) can be obtained
in closed form, following essentially the same procedure as in Section 3.5,

and then the mean and variance can be computed from this solution as
o0

p(t) = /_OO cf(x,t)dr and o*(t) :/_ [z — p(®))f(z,t)dz.  (3.27)

o0 o0
Alternatively, the mean and variance of f(z,t) can be computed directly
from (3.26) without actually knowing the solution f(x,t).

o *of o~
/ —dx z,t),_ . and 8x2d o o

and under the boundary conditions that f (:z:, t) and Of/0x decay rapidly
to zero as * — 00, these terms become zero. Since the initial conditions
are a delta function in x, it follows that

/_Z [z, t)dz =

In other words, (3.26) preserves the initial mass of the distribution over
all values of time after ¢t = 0.




To compute p(t), multiply both sides of (3.26) by = and integrate. On
the one hand,

Ooxadx == _ooxf(x,t)dx =

On the other hand,

* of, 1 >~ 9f > of
/_ xad:z:— ik(t) /_wx@dx—a(t) /_wx%daz.

oo

/oo af d o _d_,LL

Evaluating both integrals on the right side by integrating by parts and
using the conditions that both f(z,t) and 0f/0x decay rapidly to zero as
r — F00, it becomes clear that

du !
— =ua(t) or u(t)= [ a(s)ds. (3.28)
dt 0

A similar argument shows that

d

%(02):k(t) or 02(25):/0 k(s)ds. (3.29)



3.8.2 The Multi-Dimensional Case

Consider the following time-varying diffusion equation without drift:

Of 1 0% f
= =3 Z Dm(t)—a%_ o (3.30)

1,7=1
Multiplying both sides by xrx; and integrating over x € R" gives

(o g D, / TR i -dx. (3.31)
kl 2] kL] .
” ] 00z
From integration by parts
o0 f of |~ <9 of
/ :z:k:z:gax oz, d —/X_xi [:Uk:z:g 8—33] . — on (xkxl)a—a:jdxl dx/dx;

The assumption that f(x,t) decays rapidly as ||x|| — oo for all values
of t makes the first term in the brackets disappear. Using the fact that
Oz;/0x; = d;j, and integrating by parts again (over z;) reduces the above
integral to



/ i dx = 0104 + 0ix0
. laaziaazj kjOil 1 0ik0L;
Substituting this into (3.31) results in

d

%(01{1) = Dy (t) or op(t)= /Ot Dy(s)ds.

3.8.3 The Heat Equation on the Unit Circle

Given of 1.0/
T 5]{% subject to f(6,0) = d(0),

the Fourier solution is

f(o,t)= p(0 — 27k; 0, kt)?) = i—I—l e F/2 cosmf
2
T T
n=1

k=—0o0

This is the folded Gaussian in (3.25) with 02 = kt and u = 0.

(3.32)

(3.33)



3.9 Gaussians and Multidimensional Diffusions

3.9.1 The Constant Diffusion Case

Consider the diffusion equation

Of 1 [
oF 15 p, 0
1,j=1
subject to the initial conditions f(x,t) = d(x), where D = [D;;] = D7 is
a constant matrix of diffusion constants.
Since diffusion equations preserve mass (see Section 3.8.2), it follows
that

(3.34)

f(x,t)dx =1 (3.35)
R

for all values of time, t € R.
Try a solution of the form

Fx,1) = elt) eXp(—%XTA(t)X) (3.36)



where A(t) = ¢(t)Ay and Ay = [a;;] = AZ. Then, from (3.35) it follows

that n/2
c(t) = <%)> | det Ag|?.

With this constraint in mind, substituting f(x,¢) into (3.34) produces the
following conditions on ¢(t) and Ay:

ng' =—¢ Y Dija;

1,7=1

'xT Apx = —¢? Z D;; (Z oz,'kxk> (Z ozjm)
ij=1 k=1 =1
where ¢ = d¢/dt.

Both of the conditions (3.37) are satisfied if Ay = agD™! and ¢(t) =
(apt) ™! for some arbitrary constant ag € R-g. But since A(t) = ¢(t)Ag =
t~1D~!, this constant does not matter.

Putting all of this together,



1 L o7
~Lrpy, 3.37
R de o P P (3.37)

f(th): ot

Stated in another way, the solution to (3.34) is a time-varying Gaussian
distribution with X' (¢) = tD when D is symmetric.
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Probability and Information Theory



For those not familiar with probability and information theory the main
things to take away from this section are:

e To know that the definitions of convolution, mean, covariance, and
marginal and conditional densities, are fully general, and apply to a
wide variety of probability density functions (not only Gaussians);

e To understand the definitions and properties of (continuous/differential)
information-theoretic entropy, including how it scales and how it be-
haves under convolution;

e To understand the fundamental inequalities of information theory such
as the entropy power inequality;

4.1 Marginalization, Conditioning and Convolution

Marginalization:

O [ee]
p(xl,xg,...,xm):/ / (1,9, oy Tp)dT i1 -+ - dTy,.
X XT

m+1=——00 n——00



Conditioning:
p(xlv L2y -ny .I'm|l'm_|_1, Tm42y -+ an) = p(xla L2y euey xn)/p(xm-l-l) Tm+2y -y xn)

Convolution:

pxav(x) = (px % pr) (%) = / px (€)py (x — €)dE.

n

4.1.1 Mean and Covariance

p== [ xobxdx o (- ) = [ (x- pipx)dx =0,
(4.1)

Note that g minimizes the cost function
c(x)= | lx—yl*fly)dy (4.2)
Rn

where ||v|| = /v - Vv is the 2-norm in R".
The covariance about the mean is the n X n matrix defined as



R

2= (- ) (x— )"y = / (o )x — ) ()

It follows from this definition that
/ xx! p(x)dx =X +pup’.
RTL

If z= Ax + a,

py=(2) = / (Ax + a)p(x)dx

— A (/R xp(x)dx> +a (/R p(x)dx)

=Apx +a

and



Yy ={(z— pz)(z— pz)")
_ / (Ax+a— pg)(Ax +a— py) p(x)dx
_ / (A = px]) (Alx — px]) " plx)dx
_ / Alx — px][x — px]" AT p(x)dx

= ([ el el ot ) A7

=AY AT,

Pdfs are often used to describe distributions of errors. If these errors are
concatenated, they ‘add’ by convolution:



(o1 % p2)(x) = / p1(€)pa(x — €) dE. (4.5)

n

The mean and covariance of convolved distributions are found as
Miso = 1+ po and Vi = X7 + X (4.6)

If the scalar random variables X1, X5, ..., X,, are all independent of each
other, then the corresponding probability density function is separable:

p(r1, 22, ..., ) = pr(x1)p2(2) -+ - pul). (4.7)

When this happens, the covariance matrix will be diagonal.

4.1.2 Jensen’s Inequality
If &(x) is a convex function on R, i.e.,
O(te + (1 —t)y) <td(x)+ (1 —t)P(y) Vitel0l] (4.8)

then Jensen’s inequality [8] states



o ([ o) < [~ atownswi

If ¢(x) = folz)/f1(x), f(x) = fi(x), and @(y) = —logy, the following
property of the Kullback-Leibler divergence is observed:

Dxr(fillf2) / fi(z)lo gf1§ ;
f($

— [ hms Pt

log/ fi(x fgi)dx

—log1 =0,

)dx

and likewise for domains other than the real line.



4.2 Some Information Theory

Given a probability density function (pdf) f(x) describing the distribution
of states of a random vector X € R", the information-theoretic entropy is
defined as’

S(f) = — / £(x) log f (x)dx. (4.9)

This is a measure of dispersion of a pdf.

Note that the standard in the literature is to denote the entropy of the
random variable X as H(X). However, the notation S(f) (which stands
for the entropy of the pdf that fully describes the random variable X)
generalizes more easily to the Lie group setting addressed in Volume 2.

4.2.1 Entropy and Gaussian Distributions

The information-theoretic entropy of a one-dimensional and n-dimensional
Gaussian distributions

In information theory, this would be called differential entropy. It is referred to here as continuous entropy
to denote the difference between this and the discrete case.



1 —(E2/202 1 1

2)(T) = € and X)=——exp(—=x'2 " x
P(0,02) () 5 P(o.5)(X) DL P(—3 )

are respectively [11]:
S(pio.) = log(vV2reo)

and
S(p(o,5)) = log{(2me)"/?| 2|2} (4.10)

where log = log,.

4.2.2 Information-Theoretic Measures of Divergence

Given two probability density functions f; and f on R", the Kullback-
Leibler divergence between them is defined as

Derlfillf) = [ i) 1og @8) dx. (1.11)

Note that [10]:



i ( | i) - fg(x)|dx> < Drr(fillf2)-

The Fisher information divergence between two pdfs is defined as

2
frdx. (4.12)

Dri(fillf2) = /Rn %Vﬁ — %sz

This is also not a “distance” function in the sense that it is not symmetric
in the arguments and does not satisfy the triangle inequality. In the one-
dimensional case, this can be written as

2
I N I e
DFI(lef2)—/_OO (E%_E%> fldx—‘l/_OO <%\/%) Jodz.

The Multi-Dimensional Case

The multidimensional case proceeds in a similar way as in the one-
dimensional case. Given a pdf f(x), a shifted version is f,(x) = f(x — a).

And



S(fa) = — | flx—a)log f(x —a)dx = — . f(x)log f(x)dx = 5(f).

RTL
Now consider the scaled version of the pdf f(x) defined as

1
falx) = det A
If det A > 1 this is a more “spread out” version of f, and if det A < 1,
then this is a more “concentrated” version of f. It can be verified easily
that f4(x) is indeed a pdf by making the change of coordinates y = A~!x
and replacing the integral over x with that over y.
The entropy of fa(x) is calculated as

S0 == [ g 0 og | A x| dx
—— [ fotog | s | av
= S(f) + logdet A.

f(A™'x) where det A > 0.



4.2.3 The Entropy Power Inequality

The statement of the entropy power inequality dates back to Shannon’s
original paper, though complete and rigorous proofs came later [12, 2].
Shannon defined the entropy power of a pdf p(z) on R” as

N(p) = exp(2S(p)/n)/2me

where S(p) is the entropy of p. The entropy power inequality then states
N(p+q) > N(p) + N(q) (4.13)

with equality if and only if p and ¢ are both Gaussian distributions with
covariance matrices that are a scalar multiple of each other.
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Stochastic Differential Equations



The main points to take away from this section are:

Whereas a deterministic system of ordinary differential equations that
satisfies certain conditions (i.e., the Lipschitz conditions) are guaranteed
to have a unique solution for any given initial conditions, when random
noise is introduced the resulting “stochastic differential equation” will
not produce repeatable solutions;

It is the ensemble behavior of the sample paths obtained from numer-
ically solving a stochastic differential equation many times that is im-
portant;

This ensemble behavior can be described either as a stochastic integral
(of which there are two main types, called It6 and Stratonovich), or by
using a partial differential equation called the Fokker-Planck (or forward
Kolmogorov) equation.

Two different forms of the Fokker-Planck equation exist, corresponding
to the interpretation of the solution of a given SDE as being either
an Ito or Stratonovich integral, and an analytical apparatus exists for
converting between these forms.



e Multi-dimensional SDEs in R" can be written in Cartesian or curvi-
linear coordinates, but care must be taken when converting between
coordinate systems because the usual rules of multi-variable Calculus
do not apply in some situations.

5.1 Continuous-Time Brownian Motion in Continuous Space

A one-dimensional SDE will more generally be thought of as the limiting
case of an equation of the form

z(t+ At) — 2(t) = a(x, t) At + b(x, t)n(t) At where 2(0) =z (5.1)

as At — 0. How do we define noise, n(t) ? Basically sample from a Gaus-
sian distribution.

5.1.1 Formal Properties of Weiner Processes

The vector w(t) = [wy, ..., w,,]T denotes an m-dimensional Wiener process
(also called a Brownian motion process) with the following properties:



v tl,tQ,tl +t,t2—|—t > O;
([w(t;) — wt)[wty) —wt)]) =0 ¥ t; > t; >ty > t; > 0.

From these defining properties, it is clear that for the Wiener process,
w;(t),

([wi(ty + t2)]%) = ([wj(tr + t2) — wj(tr) + wj(tr) — w;(0)]%)
= ([wj(ts + t2) — w; ()] + [w;(t1) — w;(0)]) = ([w;(t0)]*) + {[w;(t2)]").
For the equality
(fwj(ts + t2)]") = {[w; (t)]*) + {[w; (2)]*) (5.2)
to hold for all values of time t;, 5, it must be the case that [9]

([wi(t = 9)]") = oj|t — s|. (5-3)



for some positive real number 0]2-. The notation dw; is defined by
dw;(t) = w;(t+ dt) — w;(t).
From the definitions and discussion above,

(dw;(t)) = (w;(t +dt)) — (w;(t)) =0

and
([duw; (O)) = ((w;(t + ) = w;(£)) (w;(t + db) — w;(t)))
= ([w;(t + dt)]") = 2(w;(H)w;(t + dt)) + ([w; (D))
= o7 (t +dt — 2t + t) = o7dt.
And

<w2(5)w](t)> = 0]2-5,'jmin(s, t) and (dwl(t,)dw](t])) = 0]2'5ijdtj-

The unit strength Wiener process has 0]2- =1.

(5.4)

(5.5)



5.2 The Ito Stochastic Calculus

In the usual Calculus, the Riemann integral of a continuous function f :
[a,b] — R is obtained as a limit of the form

b
/ f(x)dx = lim Zf yi(xi, 1)) (x; — x5-1) (5.6)

n—oo

where
a=xp<x1 <x9< <z, =D>.

Similarly, given two continuous functions, f and g, with g being monoton-
ically increasing, the Riemann-Stieltjes integral can be defined as

b n
/ fx)dg(z) = lim Z fyi(ws, 1)) (g(z) — g(xi1)) (5.7)

If g(x) is continuously differentiable, this can be evaluated as

[ st i



The [It6 integral is defined analogously as [4]:

/t f(r)dw(T) = 7}3{3@2 fti)w(ti) —wltia)]| (5-8)

It has some counter-intuitive features. For example, in usual Calculus

b b
[ e =50 ) and [ @) = 507 - £
and more generally
b 1
[t -

(SO = [f@)™). (5.9)

But . .
/t w(T)dw(T) = i[w(t)2 — w(t0)2 — (t —to)].

And more generally [4]:

[ () du(r) = —

n+1

n

([w(t)]"“—[w(to)]”“)—§/t [w(t)]""dt. (5.10)




5.2.1 Itd Stochastic Differential Equations in R?

Consider the system of d stochastic differential equations (SDEs):

dﬂ?l(t) = hl(:zsl(t), ceny Q?d(t), t)dt -+ Z Hij(ﬂjl(t), ceny Qfd(t), t)dwj(t) (511)

J=1

The “solution” is

2i(t) — 2:(0) = /O B2 (7). o a(7), 7Y (5.12)

+;/O Hij(x1(7), ooy za(T), T)dwy(T),  (5.14)

is interpreted as in (5.8).



5.2.2 Numerical Approximations

Sample paths are generated from ¢ = 0 to a particular end time ¢t = T', and
the values t; are taken to be t; = Tk/n:

24(T) — 2;(0 Zh (1) ooy Ba(th1), tet) (5.15)

T Z Z HZ] tk 1 d(tk—l)a tk—l)[wj(tk) — Wwj (tk_l)].

j=1 k=1

In practice, not only the end value z;(T') is of interest, but rather all
values ;(tx), and so (5.15) is calculated along a whole sample path using
the Euler-Maruyama approach by observing that the increments follow
the rule

. . 1. .
Ti(ty) — 2i(tp—1) = Ehz’(xl(tk—l)a s Za(tp—1), te—1) (5.16)

m

+ > Hig(1(tk1), o Ealte), ten) [wi(f) — wi(tea)],

j=1



which is basically a localized version of Ito ’s rule, and provides a numerical
way to evaluate (5.11) at discrete values of time.

Figure 5.1 shows six sample paths of a Wiener process over the period
of time 0 <t < 1 generated using the Matlab™ code provided in [5].

5.2.3 Mathematical Properties of the Ito Integral

Returning now to the “exact” mathematical treatment of SDEs interpreted
by Ito s rule, recall that all equalities are interpreted as being true in the
mean-squared sense. In other words, the statement

/Ot F(7)dw;(r) = lim ZF tro1)[w;i(ty) — wi(tr_1)] (5.17)

n—oo

is not strictly true. But if we understand this to be shorthand for

lim < /O t 7)dw;(T ZFtkl w;(ty) — wj(tkl)]] >=0, (5.18)
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Fig. 5.1. Sample Paths of a Wiener Process



then a number of “equalities” will follow (in the same sense that (5.17)
itself is an “equality”).

5.2.4 It0’s Rule

Given the sample paths, x(¢) and a smooth function f(x), then dy =
f(x + dx) — f(x) can be calculated by expanding f(x + dx) in a Taylor
series around X:

dfi 1 aff
;= ——dx; + = ' dxid h.o.t’s. 5.19
dy j o, :z:j+2 a 9200 xrdr; + h.o.t’s ( )

The higher order terms (h.o.t.’s) are third order and higher in the incre-
ments dz;. Substituting an SDE of the form (5.11) into (5.19) gives [t6 ’s
rule:



2

ng? )+ = Z @xkaxl[H(x HT(x, ) | dt

+Za

The reason why the higher order terms disappear is that the sense of
equality used here is that of equality under expectation. In other words,
a = b is shorthand for (ac) = (bc) for any deterministic ¢. And taking
expectations using the results of the previous subsection means that all
terms that involve third-order and higher powers of dw; as well as products
such as dtdw; will vanish.

(5.20)

5.2.5 The Fokker-Planck Equation (It6 Version)

The goal of this section is to review the Fokker-Planck equation, which
governs the evolution of the pdf f(x,t) for a given stationary Markov



process, e.g., for a system of the form in (5.11) which is forced by a Wiener
process.

_|_

M-

> o (hy(x, 1) (%, 1)) (5.21)

ZZ 5‘9:8@% Ha(x, t) HE (%, 1) f(x, 1)) = 0

k=1 1i,j=1

BDlFA

This can also be written as

of
ot

where (V4V1L);; = 0*/0x,0x;.

= Ve (f) + gtr [(VVE)HHT f)] (5.22)



5.3 The Stratonovich Stochastic Calculus

The Stratonovich stochastic integral is defined as [19, 4]

[ #00® dulr) = lim 3 (61 + 0/ wlt) ~ w(t)| - (523)

here the function f(t) can be of the form f(t) = F(x(t),t) where x(¢) is
governed by a stochastic differential equation which itself is defined by an
integral like the one in (5.23).

The inclusion of the symbol (8 inside the integral is to distinguish it
from the Ito integral, because in general

[ H® du(r) # [ () du(e).

Though these two integrals are generally not equal, it is always possible
to convert one into the other.
Consider the system of d stochastic differential equations (SDEs):



da;(t) = he(21(2), ... t)dt + Z HE (21(1), ., ma(t), 1) @ duwj(t).

This is called a Stratonovich SDFE if its solution is interpreted as the inte-
gral

2i(t) — 34(0) = / B (21(7), o 3a(7), 7 (5.24)
+Z / HE(1(7),s ooy 2a(7), 7) © dwy(7)

In vector form this is written as

x(t)—x(O):/ h¥(x dT—l—/ H(x(1),7)® dw(T).

Expanding everything out in a multi-dimensional Taylor series and us-
ing It6 ’s rule then establishes the following equivalence between Ito6 and
Stratonovich integrals:



/ H(x(7), 7) ® dw(r) = /0 HE(x(), 7) dw(r) (5.25)
1 d m d :
e S [P

i=1 11:10

If we choose to set Hy; = H;;, then x(t) as defined in the It6 and
Stratonovich forms will be equal if the drift terms are chosen appropri-
ately.

In general if {zy,...,x4} is a set of Cartesian coordinates, given the
Stratonovich equation (5.24), the corresponding It6 equation will be (5.11)

where

m d
OH?,
hi(x,t) = hi(x,t) + = ZZ awa’W and H;; = Hj). (5.26)

jlkl

This important relationship allows for the conversion between Ito and
Stratonovich forms of an SDE. Using it in the reverse direction is trivial
once (5.26) is known:



m d
1 Z Z H;;
=1 k=1

Starting with the Stratonovich SDE (5.24), and using (5.26) to obtain
the equivalent Ito SDE, the the Fokker-Planck equation resulting from the
derivation of the It6 version can be used as an indirect way of obtaining
the Stratonovich version of the Fokker-Planck equation:

)
2 g, D Za

1]1

Z o ] (528)

In the next section, a special kind of SDE is reviewed, which happens
to be the same in both the It6 and Stratonovich forms.




5.3.1 Brownian Motion in the Plane

From the presentation earlier in this section, it should be clear that the
following two-dimensional SDE and Fokker-Planck equation describe the
same process:

af 1 0?f  O*f

dx = dw < E—§<8—x%+8—x%>

Coordinate Changes and the Fokker-Planck Equation

Let f(r,¢:t) = f(rcos¢,rsing;t). Then it is clear from the classical chain

rule that ~
%_ of 0z n Of Oxs

or  Oxy Or  Oxy Or

and

of 8f8x1+ Of Oy
dp Oz Op  Oxg 0P

If the Jacobian of the coordinate change is defined as



Oxy Oz
or 9o} (cosgb—rsinqb)
- )

sing rcoso

J(r,¢) = -

ar 9¢

then the Jacobian determinant is |J| = r.
It is clear from the above equations that

of of of
or (91'1 (91'1
=J'(r,0) or =J 7 (r.9)
of af of
a_¢ (91'2 (91'2
In component form this means that
or, or r 0¢
and _ -
of of [ cosgdf

8—332—8111(;55—}— , a(b

Applying this rule twice,



*f ) Of singdf\ sing 9 of
@—,I%_COS¢§ COS¢E— R 7S R COS¢E—
2 7 ; .2 a7
— cos’ ¢% — sin¢cos¢% (%%) + Smr gb% _
sindcosg %f  singcospdf  sin®pd:f
r 8¢8r+ 72 8_¢+ r2 g2
and
?f . 9. Of cospdf cosd & [ . Of
8—x% = sm¢§ (Sm¢8r + " %> + " 90 (Sm¢8r +
2 7 ; 2 4 aF
= sin? qﬁ% +sin¢cos¢% <%g—£> - Coi ¢% +

singcos¢ O2f B sin¢cos¢8_f N cos® ¢ O f
r O¢pdr r2 09 r2 0¢*

sing df
ro 00

cosdOf
ro0¢

)

)



Therefore,

02f 92 02f 10f 1 0%f
J;+ J;: 12”+__f+_2_1;
Oxy Oxz Or* ror r?0¢
and so
0 1/0%2f 02 of 1 (0*F 10f 10%f
_f_(f f><:>f_<f+f+f

ot ~2\ox2 T a2 ot 2

e o T o
(5.29)
The next question is, if dx = dw is interpreted as a Stratonovich or Ito
SDE, what will the corresponding SDEs in polar coordinates look like?

Coordinate Conversion and the Stratonovich SDE

The Stratonovich case is straightforward, since it obeys the usual Newton-
Leibnitz Calculus, and so dx = J(r,$)[dr,d¢]T. This then means that
[dr,d¢]T = J~1(r, ¢)dw, which is written in component form as



dr = cos ¢ (S dwy + sin ¢ (S) dws
(5.30)
sin @ 1
dp = S dwy + — cos d S dwo
r

r

Coordinate Conversion and the Ito SDE

This same problem can be approached in a different way. Inverting the
transformation of coordinates so that polar coordinates are written in
terms of Cartesian coordinates,

T
r=[?+237 and ¢ =tan ! (—2> :
x1

It follows that

1

dr = [(z1 + da1)? + (x2 + dz)?]? — [22 + 23)°

d¢ = tan™? w — tan ™! )
r1 + dxy 1

and



Expanding the above in a Taylor series to second order in dz; (knowing
that higher order terms will vanish) gives

_ 1[2$1d.$1 + (dwl)z + ngdxg + (dxg)z] 1 [4%%(d$1)2 + 4$3(d$2)2]

" of + a3 5 e
and
4o = D1 = el BN ey (dan)? + ad o)’
x? + a3 (22 + 23)2
Now making the substitutions x1 = rcos¢, ro = rsin¢, dry = dw,

dxy = dws, and using the usual properties of the Wiener process, this
reduces (after some trigonometric simplifications) to

1
dr = Er_ldt + cos pdw; + sin pdws

(5.31)
do = —r~ ' sin pdw; + 1 cos pdw,



5.3.2 General Conversion Rules

Formulas were given in Section 5.3 for converting between It6 and Stratonovich
versions of the same underlying process described in Cartesian coordinates.
The same rules hold for this conversion in curvilinear coordinates.

In general if {qi,...,qq4} is a set of generalized coordinates, given the
Stratonovich equation

dg; = hi(q, t dt+z ) ® dw,
for 1 =1, ..., d the corresponding Ito equation will be

dg; = hi(q, t)dt + Z Hij(q, t)dw;
j=1
where
hi(q,t) = hi(q,t) + = ZZ 50 s (5.32)

jlkl



In the above example of Brownian motion in the plane, the Stratonovich
equation (5.30) has no drift, and the corresponding Ito equation (5.31) does
have a drift, which is consistent with h;(q,t) # hi(q,t).

Now consider the Stratonovich equivalent of the Ito equation (5.31).
Using (5.32), it becomes clear that

(ZZ;) - % <1ér> di + ((1)137) ® (ﬁ;) (5.33)



~

Strat. FP
Eq., Cart.

Ito FP
Eq., Cart.

Strat. SDE
Cart.

e

Ito SDE
Cart.

Strat. FP
Eq., Polar

Ito FP
Eq., Polar

~

Strat. SDE
Polar

[to SDE
Polar

7

(5.34)



5.3.3 Coordinate Changes and Fokker-Planck Equations
It6 Version

The Ito version of the Fokker-Planck equation in generalized coordinates
is

8]‘ 1 0 1 0? T 1
§ = (q ey BBUY|Gl3f] .
(5.35)
Given f(q,0) this generates f(q,t) for the It6 SDE

dq = a(q,t) + B(q,t)dw

When B(q,t) = [J(q)] ™, (5.35) will be the heat equation under special
conditions on a(q, t).



Stratonovich Version

0 1 |
oy =IO S g (wetis) + —IG\"Za B (Bl

(5.36)

Given f(q,0) this generates f(q,t) for the Stratonovich SDE
dq = a’(q,t) + B°(q,t) ®dw.
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6

Geometry of Curves and Surfaces



The main points to take away from this section are:

e Curves and surfaces in two- and three-dimensional space can be de-
scribed parametrically or implicitly, and the local geometry is described
by intrinsic quantities that are independent of the particular descrip-
tion.

e The global topological features of these geometric objects can be related
to integrals of curvature; In particular the Euler characteristic describes
how many “holes” there are in an object, and the integrals of certain
kinds of curvature over a tubular surface can help to determine whether
it is knotted or not.

6.1 Differential Geometry of Curves

Differential geometry is concerned with characterizing the local shape of
curves and surfaces using the tools of differential Calculus, and relating
these local shape properties at each point on the object of interest to its
global characteristics.



6.1.1 Local Theory of Curves

The arc length of a differentiable space curve, x(t) is

S(t2) — s(ty) = / (1), X/ ()t

where x’ = dx/dkt.
A unit tangent is

1 dx
1] at
When ¢t = s, this reduces to
dx
Since u(s) is a unit vector u(s) - u(s) = 1, and so
d d
—(u-u)=0 = u- oo

ds ds

(6.1)

(6.2)

The (unsigned) curvature of an arc-length-parameterized curve (planar

or spatial) is defined as



= (B du)T (@ dx
M= \as as) T \ds ase)

(6.3)

which is a measure of the amount of change in tangent direction at each

value of arc length.
The signed curvature of a planar curve is denoted as k(s).
By defining the (principal) normal vector as

.1 du
n(s) = () ds

when k(s) = ||du/ds|| # 0, it follows from (6.2) that
u(s) -ny(s) =0.

A second normal vector (called the binormal) is defined as:

ny(s) =u(s) x ny(s).

The torsion of the curve is defined as

(6.5)



and is a measure of how much the curve bends out of the (u,n;)- plane
at each s.

The Frenet-Serret apparatus published independently by Frenet (1852)
and Serret (1851) states:

d u(s) 0 «k(s) O u(s)
o ni(s) | =1 —k(s) 0 7(s) ni(s) | . (6.6)
ny(s) 0 —7(s) O ny(s)

Given a space curve x(¢) € R? where ¢ is not necessarily arc length, the
(unsigned) curvature is computed as

_ @) < x"(@)]

" = e

(6.7)

and the torsion is



det[x/(t),x (£),x " (t)]
"= O < O

6.1.2 Global Theory of Curves
Theorem 6.1. (Fenchel [9]): For smooth closed curves,

j{ﬁ(s)ds > 27 (6.9)
with equality holding only for some kinds of planar (t(s) = 0) curves.

Theorem 6.2. (Fary-Milnor [8, 20]): For closed space curves forming a
knot

j{ﬁ(s)ds > 4. (6.10)



6.1.3 Signed Curvature and the Topology of Planar Regions

%k(s)ds =27, (6.11)

where k(s) is the signed curvature of the curve. The sign is given such that
|k(s)| = k(s) with k(s) > 0 for counterclockwise bending and k(s) < 0 for
clockwise bending.

The FEuler characteristic of B, denoted as x(B), is obtained by subdi-
viding, or tessellating, the body into disjoint polygonal regions, the union
of which is the body, counting the number of polygonal faces, f, edges, e,
and vertices, v, and using the formula

\(B) = v(B) — e(B) + f(B). (6.12)
Interestingly, for a planar body
\(B) =1 —4(B). (6.13)

Whereas y(B) is the number of holes in the body.
It can be shown that



/83 k(s)ds = 2mx(B) (6.14)

where 0B denotes the union of all boundary curves of B. This is shown in
Figure 6.1.

For a planar object, it is also possible to define the Euler characteristic
of the boundary as

X(0B) =v(0B) — e(0B). (6.15)

6.2 Differential Geometry of Surfaces in R3

For a spatial body B (i.e., a region in R?® with finite nonzero volume), the
surface area over the boundary of B is

- as

OB

V:/dV.
B

and volume is



Fig. 6.1. Global Topological Features of a Planar Body are Dictated By Signed Curvature

6.2.1 The First and Second Fundamental Forms

Consider a two-dimensional surface parameterized as x(q) where x € R?
and q € R2. Define



(c) (d)

Fig. 6.2. Topological Operations on Body Divided into Squares: (a) An Initial Rectangular Grid; (b) Removal
of One Square from the Perimeter; (c¢) Creation of an L-Shaped Void; (d) Cutting the Body into Two Disjoint
Pieces.



ox 0x

gii = i 6.16
J an aqj ( )
for i, 7 € {1,2}.
The first fundamental form of the surface is defined as
FV(dq,dq) = dq" G(q) dq. (6.17)
For two-dimensional surfaces in three-dimensional space,
ox  ox|?
G =||l=— X — 6.18
Glan )] = | o x 2 (6.15)

where x denotes the vector cross product.
The second fundamental form of a surface is defined as

F(dq,dq) = —dx - dn,

where the vectors x and n are the position and normal at any point on
the surface.
Let the matrix L be defined by its entries:



B 0%x
0q;0q;

The matrix L = [L;;| contains information about how curved the surface
is. For example, for a plane L;; = 0.
It can be shown that

F®(dq,dq) = dq” L(q) dq. (6.20)
6.2.2 Curvature
Christoffel symbols:
1 dgi  0gij  Ogij
rk— = _ 27y L1 gtk 6.21
Y 22 [8% oq * dq J (6:21)

l

The Riemannian curvature is the four-index tensor given in component
form as [19]



L 0Ly 9L " "
Rijp = 5ot = 5ot 4 DDy = T L), (6.22)
J

m

This can be expressed in terms of the coefficients of the second fundamental
form and inverse of the metric tensor as [19]:

Ri’jk = Liy Z glmLmj — Ly Z 9" Link. (6.23)
m m
From this, the Gaussian curvature, k(qy,q2), is computed as

k = det(G_lL) = ‘G|_%R1212. (624)

The mean sectional curvature (or simply mean curvature) is defined as

1
m = 5trace(G—lL). (6.25)

The integrals of the Gaussian and mean curvature over the entirety of
a a closed surface figure are



K= [ kds (6.26)

M= [ mdS (6.27)
S
These are respectively called the total Gaussian curvature and total mean

curvature

6.2.3 Example 1: The Sphere

A sphere of radius R can be parameterized as
Rcos¢sinf
x(¢,0) = | Rsin¢sind (6.28)
Rcos6

where 0 < 0 <7 and 0 < ¢ < 2.
The corresponding metric tensor is

([ 9s6 960\ [ RZsin®0 0
G(¢,(9) - (g@@ 9976') — ( O R2 .



Clearly, v/detG(¢,0) = R*sinf (there is no need for absolute value signs
since sinf > 0 for 6 € [0, 7]). The element of surface area is therefore
dS = R*sin 6 d¢ db.

Surface area of the sphere is computed as

T 27
= / / sinfdo df = 4w R?.
0 0

The volume of the ball of radius R can be computed in spherical coordi-
nates in R? (i.e., treating R? as the surface of interest) and restricting the
range of parameters defined by the interior of the ball. The volume of the
ball enclosed by the sphere of radius R, and surface area of the sphere are
summarized, respectively, as

4
V= §7TR3; F =47 R%. (6.29)

The inward-pointing normal for the sphere is simply n = —x/R, and

son - (")



Therefore,

G'L= (1{)3 1?]%) .

It follows that .
m = Etr(G_lL) =1/R

and
k=det(G'L) =1/R%

Since these are both constant, it follows that integrating each of them
over the sphere of radius R is the same as their product with the surface

area:
M =4mR; K = 4.

6.2.4 Example 2: The Ellipsoid of Revolution

Consider an ellipsoid of revolution parameterized as



a cos ¢ sin
x(¢,0) = | asin¢gsind (6.30)
bcos 6

where 0 < 0 <7 and 0 < ¢ < 27, and a, b are positive constants.
The corresponding metric tensor is

a®sin? @ 0
G(¢,0) = ( 0 a2 COS29+b2SiH28> '
1 [a’bsin®’ 0
L(¢,0) = [G(e,0)| 7 ( 0 a2bsm6>'

Therefore,
4

K=47r and V = §7m2b.
The values of I' and M for prolate and oblate ellipsoids have been

reported in [15], along with a variety of other solids of revolution. In par-
ticular, if a = R and b = AR with 0 < A < 1, then



F=21R> |1+

A2 " 1++v1— )2
Vi ® )

In contrast, when \ > 1,

M = 21R {)\_'_ arccos)\]

V1—=)\2|'

2 1 1 VA1
F =2 R? [1+Aam;;s( 1/”]; M =27R [\ + Ogu; A1 )].

6.2.5 Example 3: The Torus

The 2-torus can be parameterized as

(R + 7 cosf) cos ¢
x(0,0) = | (R+rcosf)sing (6.31)
rsin 6

where R > 2r and 0 < 6, ¢ < 2.
The metric tensor for the torus is written in this parametrization as

G(6.0) = ((R+rocos8)2 02> |

r



The surface area is computed directly as

2m 2m 2
F = / / r(R 4+ rcosf)dpdd = 27T/ r(R + rcosf)df = 4r*rR.
o Jo 0

The matrix L is:

L(6.0) = ((R+Tc<())s«9) cosHS) |

and

1,  ((R+rcosf)tcosf 0
¢ L_< 0 L/r)"

The total Gaussian curvature is then computed as
27 2
K :/ / [(R+rcos@) ' cosf/r][r(R +rcosf)|dpdd = 0.
o Jo

The mean curvature is m = (R +rcos) tcosf + 1/r. The total mean
curvature 1s

F
— = 27°R.

M =
2r



6.2.6 The Gauss-Bonnet Theorem and Related Inequalities

It is no coincidence that the total Gaussian curvature, K, is equal to 4
for the sphere and ellipsoid, and equal to zero for a torus.

Theorem 6.3. (Gauss-Bonnet) Let k be the Gaussian curvature of a
closed surface S. Then

/ kdS = 27x(S), (6.32)
S

where x(S) is the Euler characteristic of the closed surface S.

The Euler characteristic of a two-dimensional surface is equal to

x(5) = 2(1 = 7(5)) (6.33)
where (95) is the genus (or “number of donut holes”) of the surface and
X(S)=v—e+f

where v is the number of vertices, e is the number of edges, and f is the
number of faces of the polygons.



Other global theorems (Voss): [25]:

/max(k,O)dS > 4. (6.34)
s

/\k\dS > /max(k,O)dS > 4m. (6.35)
S S
Moreover, B.-Y. Chen [2] states the Chern-Lashof inequality

/S k|dS > 4n(4 — y(S)) = 8m(1 +7(S)). (6.36)

Integrals of the square of mean curvature have resulted in several in-
equalities. For example, Wilmore (see e.g., [27, 28| and references therein)
proved that

/ m?*dS > 4n (6.37)
S

with equality holding only for the usual sphere in R3. Shiohama and Takagi
proved that for smoothly distorted 2-tori



m?*dS > 27, (6.38)
T2

Ros’s Theorem: Let D be a bounded domain in R3 with finite volume
and compact boundary 0D. If m > 0 everywhere on this boundary then

/ Las >3- Vol(D). (6.39)
0

p m

6.2.7 Tubes/Offsets of Surfaces in R3

Given a smooth parameterized surface, x(t1,2), a unit normal can be
defined to the surface at each point as

u(ty. 1) = ox y 8X/H8X y 0x |
’ Oty Oty' ||0ty Oty
Define
O(tl, to; 7”) = X(tl, tg) + ru(tl, tg). (640)

The element of surface area for this offset surface can be shown to be of
the form



Jdo Oo
dS = || =— X —|| dt,dt
‘ ot " oty |
where [13]
do Oo 8x 0x
— X —||=1]1-2 ti,t 2k(ty,t — 6.41
atl X at2 [ Tm( 1 2) +r ( 15 2)] | (9751 8252 ( )
the area of the offset surface will be:
A=F —2rM + r*K. (6.42)
Steiner’s formula for the volume enclosed by the surface offset is
2 3
V(B,) = V(B) +rF(dB) + %M(@B) + %K(@B). (6.43)

The volume contained within the two offset surfaces defined by r €
—ro, 7o) is (“Weyl’s tube theorem”):

Jdo 0Jo Oo 4
/ / [@7“ 3751 8152] dhrdtzdr = QTF—'__/ hdS = 27nF—'_?)WT X(5).
(6.44)
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7

Manifolds



The main points to take away from this section are:

e The concepts of simple planar or spatial curves and simply connected
surfaces in R? extend to higher dimensions and are examples of more
general mathematical structures called manifolds;

e Sometimes it is natural to treat these geometric objects as “living in” a
higher dimensional Euclidean space, and sometimes it is more natural
to use purely intrinsic approaches;

7.1 Examples of Manifolds

Example 1: The Sphere S? Embedded in R*

A simple example of a manifold resulting from a constraint equation is
the unit sphere in R?*, which is denoted as S®, and is described in terms
of Cartesian coordinates as

2 2 2 2
r]+xy+ x5 +x; =1



Since R* is a four-dimensional space, and this is a single constraint equa-
tion, we conclude that S? is a 4 — 1 = 3-dimensional manifold. Parametric
equations that satisfy this constraint and “reach” every point on S* (as
well as S™) were given in Section 2.3.

Example 2: The Group of Motions of the Euclidean Plane

The group of planar rigid-body motions has been encountered several
times earlier in this volume. Elements of this group are described using
matrices of the form

cosf —sinf x
g=| sin@ cosf y with z,y € R and 60 € [0,2n). (7.1)
0 0 1

The set of all such matrices is called the special Euclidean group of the
plane, and is denoted as SFE(2), where the “2” corresponds to the dimen-
sion of the plane. The group operation is matrix multiplication. In fact,
any Lie group with elements that are matrices and which has a group
operation of matrix multiplication is called a matriz Lie group. Therefore,



when referring to a matrix Lie group, there is no need to mention the group
operation, since it is understood in advance to be matrix multiplication.

Example 3: The Group of Rotations of Three-Dimensional Eu-
clidean Space

Each element of this group is written in terms of columns as

R =[a,b,c]
with
a-a=b-b=c-c=1
and
abeC:ac:O
Furthermore,

c=aXxb «— detR = +1

This means that
R =[a,b,a x b] € SO(3).



3 X 3 rotation matrix can be parameterized using the Fuler parameters

as:
u? —u3 —ud +ui 2(ugug — uzug)  2(usug + uguy)
R(uy,ug,uz,ug) = [ 2(uwqus + ugug) i —ui — v +ui 2(ugus — uyuy)
2(uguy — usy)  2(uguz + uguy) ui — ud —u3 + uj
(7.2)
where

2 2 2 2

Example 4: Polytopes with a Twist and Crystallography

The Klein Bottle and Real Projective Plane depicted as gluings in Fig-
ures 7.2, 7.2 and 7.4 are both nonorientable two-dimensional surfaces that
cannot be embedded in R3. They can be displayed as planar gluings, but
this should not be confused with planar embeddings.



A
| — RRR
A

Fig. 7.1. A Pattern on the Torus Transferred to the Euclidean Plane

7.2 What We Care About

If the manifold is defined by an embedding so that x = x(q), then we can
compute

ox 0x

G(q) = [gij(q)] where g;;(q) = 9g g



LN L

Fig. 7.2. A Pattern on the Klein Bottle Transferred to the Euclidean Plane



= [RIE
AN

Fig. 7.3. A Pattern on the Real Projective Plane Transferred to the Euclidean Plane



Fig. 7.4. Various Squares with Glued Edges: (upper left) The Torus; (upper right) The Sphere; (lower left) The
Klein Bottle; (lower right) The Real Projective Plane



Fig. 7.5. Two-Dimensional Manifolds Represented as Polygons with Glued Edges: (left) The Torus as a Glued
Hexagon; (right) The Two-Holed Torus as a Glued Octagon.
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Stochastic Processes on Manifolds



The main points to take away from this section are:

e SDEs and Fokker-Planck equations can be formulated for stochastic
processes in any coordinate patch of a manifold in a way that is very
similar to the case of R";

e Stochastic processes on embedded manifolds can also be formulated ex-
trinsically, i.e., using an implicit description of the manifold as a system
of constraint equations;

e In some cases Fokker-Planck equations can be solved using separation
of variables;

e Practical examples of this theory include Brownian motion on the sphere
and the kinematic cart with noise.

8.1 The Fokker-Planck Equation for an I1t6 SDE on a Manifold

Consider the Ito SDE
dq="h(q,t) + H(q,t)dw (8.1)



where h,q € R? and w € R,
The following Fokker-Planck equation results:

Y ot ~ 2 (g 2N N
+ G| ;8—%(@ hf) = 5161 Z @qzaqj (IG k}jmm{f)

(8.2)
In many cases, of interest, the matrices H;z(q,t) will be the inverse of
the Jacobian matrix, and hence in these cases Y, Hi(q,t)H(q,t) =

S ((Ji) (k)™ = (gi5())™" = (¢9“(q)). Therefore, the Fokker-
Planck equation on M becomes

df(q,t) O
ot

DS

i,7=1

k\il»—t

d
Z%( a)|*hi(a, )f(q,t)) = (83)

=1 ¢

aqlaqj ( (@)]2(97 (@) f(a, t)) |



8.2 Stratonovich SDEs and Fokker-Planck Equations on
Manifolds

The Stratonovich SDE corresponding to (8.1) is:
dq=h>(q,?) + H*(q,t) ©dw (8.4)

where (S is used to denote the Stratonovich interpretation of an SDE, and

. 1 OH;; .
hi = hi — 3 Z > Hy ]: and H}; = Hj;. (8.5)

If instead the SDE (8.4) is given and the corresponding It6 equation (8.1)
is sought, then (8.5) is used in reverse to yield:

hi = hi + ZZH@ 3 M5 and H;j = Hj,. (8.6)

jlkl k

Therefore, it follows from substitution of (8.6) into (8.2) that the
Stratonovich version of a Fokker-Planck equation describing a process on
a manifold is



m d
1 JOHR\
(@‘FQE:E ij 8qk>fG|2] =

of Ry
a 1o 2 g,
i—1 Y4 j=1 k=1

d m
1 -1 82 S 178 1
Ot S g (S s 7

ij=1 k=1

This is important because in many physical modeling problems, the
following sort of Stratonovich SDE is presented:

J(q)dq =b(t) + By©dw (8-8)

where By is a constant coupling matrix. For example, if g(¢) represents
a rotational or full rigid-body motion, then infinitesimal motions are de-
scribed in terms of a Jacobian matrix as

(g7'9)"dt = J(q)dq, (8.9)

where V is an operation that extracts the nonredundant information in
¢~ '¢ and collects it in the form of a column vector. The Jacobian matrix
is related to the metric tensor as G = JJ.



And (8.8) is written as

da = [J(q)]"'b(t) + [J(q)] ' By®dw. (8.10)

The interpretation of (8.8) is what allows for the simple expression in
(8.9), rather than the extra terms that would be required when using Ito
’s rule. Clearly the final result in (8.10) now has a coupling matrix that
is not constant, and so even if (8.8) could be interpreted as either Ito or
Stratonovich, the result after the Stratonovich interpretation in (8.9) must
thereafter be interpreted as a Stratonovich equation.

8.3 Entropy and Fokker-Planck Equations on Manifolds

The entropy of a probability density function on a manifold can be defined

S(f) = — /M Fa)log f@)dV = — [ f(q)log f(@)|G(a)Fd(q). (8.11)

qeD



where in the second equality f(q) is shorthand for f(z(q)) and D C R"
is the coordinate domain (assuming that the whole manifold minus a set
of measure zero can be parameterized by one such domain).

A natural issue to address is how the entropy S(f) behaves as a function
of time when f(x;t) satisfies a Fokker-Planck equation. Differentiating
(8.11) with respect to time gives:

dS of of
%:—/ {mlogf—l—@t}dv.

It is easy to show that
dV = — / fdvV =0

because probability densfcy is preserved by the Fokker-Planck equation.
Taking a coordinate-dependent view, the remaining term is written as

s of
o=~ | arlesd 6k



d d .
9 1 1 0? \ ,
N /qu {121: dg; <|G‘ hif) B §i]z_:1 9q:0q; <G| ;Hikﬂkjf> } log f d(q).

Integrating by parts, and ignoring the boundary terms, gives dS/dt equal

to
8f r Of af 9% f s
_/qu{ g Z [ Z wH kj@ . 0q; 8%0% Z_:HkaJ }|G|2 d(q).
) (8.12)

zg 1
If some constraints on the coefficient functions {h;(q,t)} and {H;;(q,t)}
are preserved, then entropy can be shown to be non-decreasing. In par-
ticular, in cases when the first and third term vanish, the entropy will be
non-decreasing because

fz zkajaf 0.

1,5,k



8.4 Examples

8.4.1 Stochastic Motion on the Unit Circle

Consider the SDE

dr| = —ixldt — xodw
(8.13)
1
dre = —§x2dt + z1dw.

Let
ry =x1(r,0) =rcosd and 9= x5(r,0) = rsind.
I

In this problem the parametric coordinates q = [q1, ¢2]" are ¢ = r and

g2 = 6. And so,

Oy dzy

9 cos 6 9 sin
= . and = :
0, —7rsinf s rcosf

0q2 92



Likewise,
(921171 82561

90101 0q10¢> ( 0 —sinf )

0y 9y —sin6@ —rcost
0q20q1 9q20q2

and
(921172 82562

0q10q1 0q10g2 0 cos 6
cosf —rsinf ) -

(921172 82562

0920q1 9q20q>
Substitution into It6 ’s rule, which holds regardless of the SDE in (8.13),

gives
1
dx1 = cos Odr — rsin 0d — sin Odrdd — 57 cos 0(dg)*
1
dxy = sin 0dr + r cos 6df + cos 0drdf — 5" sin 0(d6)?.

Now, assume that an SDE in these new variables exists and can be

written as



dr = a1dt + bydw
df = asdt + bydw

where a; = a;(r,0) and b; = b;(r, ).
Substitution of the above expressions, and using the stochastic calculus
rules dw? = dt and dt? = dtdw = 0 gives

dr, = {al cosf — ayrsinf — bibysinf — %b%r coS 6] dt+(by cos 0—byr sin 0)dw
and

dry = {al sin @ + aor cos @ + bibs cos O — %b%r sin 9] dt+(by sin 0+bor cos 0)dw
Then substituting these into (8.13), forces a1 = ay = by = 0 and by = 1,

resulting in the SDE
df = dw



This shows that (8.13) are stochastic differential equations for a process
that evolves only in 6, with r remaining constant. In other words, this is
a kind of stochastic motion on the circle.

8.4.2 The Unit Sphere in R3

Let the position of any point on the unit sphere, S?, be parameterized as

cos ¢ sin
u(¢,0) = | sin¢gsind (8.14)
cos 6

It follows from the fact that u-u = 1 that taking the derivative of both
sides yields u - du = 0 where

ou ou
du = —df + —do. 1
u=_ + 96 ) (8.15)
And since df and d¢ are independent,
w28y u g (8.16)



Of course, this can be verified by direct calculation. Furthermore, since

ou Ou Ju oOu

it 0T _gin?
50 90 and 56 90 sin“ 60,
the vectors
R
IT %0 MY V2T Gn00g

form an orthonormal basis for the tangent plane to the sphere at the point
u(¢,0), with vi X vo = u.

Indeed, any version of this coordinate system rotated around the vector
u of the form

/ .
V1 =V]CoSa — Vo sin«

vy = vy sina + vo cos a
(8.17)
will also form an orthonormal basis for this tangent plane, where @ =

a(¢, 0) is an arbitrary smooth function. This will be relevant later, but for
now the focus will be the basis {vy, va}.



Consider the Stratonovich equation
du = V1®dw1 + Vg@dU)Q,

which would seem like a reasonable definition of Brownian motion on the
sphere. Taking the dot product of both sides with respect to vy and v,
and observing (8.15), the resulting two scalar equations can be written as

<ZZ> - ((1)1/51119) ® (ZZ;) (8.18)

The corresponding Fokker-Planck equation is
OF LB, gl L
ot 2 |002 00 sin® 0 0¢? |’
which is clearly not the heat equation.
A Stratonovich SDE that does correspond to the heat equation,

of 1[0 1 o
ot 2002  sin?0042|’

+ 2cot b
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do 1 1 0 dwy
<d¢>:§cotﬁei+(01/sin0>® (dw2> (8.19)

The It6 SDE corresponding to (8.19) is of exactly the same form.

8.4.3 The SDE and Fokker-Planck Equation for the Kinematic
Cart

Each matrix g(x,y, 6) of the form in (2.1) for § € [0,27) and z,y € R can
be identified with a point on the manifold M = R? x S!. In addition, the
product of such matrices produces a matrix of the same kind. Explicitly,
if
cosf; —sinb; x;
gi = | sinf; cosb; y;
0 0 1

for i = 1,2, then



cos(01 + 09) —sin(0y + 09) x1 + w3 cos O — yosin by
g19o = Sin(@l + (92) COS((91 + (92) Y1 + xosin 0y + 9 COS 0
0 0 1

This product is an analytic function from M x M — M, which makes M
(together with the operation of matrix multiplication) a Lie group (called
the Special Euclidean group, or motion group, of the plane, and denoted
as SE(2)). Lie groups are not addressed formally in this volume, and M is
treated simply as a manifold. The added structure provided by Lie groups
makes the formulation of problems easier rather than harder. Lie groups
are addressed in detail in Volume 2. For now, the manifold structure of M
is sufficient to formulate the problem of the stochastic cart.

Consider the following variant on the SDE stated in (2.4) that describes
the scenario in Figure 2.1:

dx rw cos 0 5 cosf 5 cost Juw
dy | = [ rwsin® | dt +vD 5sind gsin ( 1) (8.20)
do 0 z -z dw,

L L



Using the general formulation in (8.2), the Fokker-Planck equation be-
comes:
of of of

= — rwcosf—— — rwsin 60—

ot ox oy
D (7“2 0*f r? 0*f  r? 0*f  2r? 82f>

2

2 . c 2
Z eos209 L 1 in2g " sin2p
3 S Ty T e T T o
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9

Rigid-Body Motions: A Lie-Theoretic View

Homogenous transformation matrices are closed under multiplication and
inversion, and have an identity element. This makes them a group. They
also form a manifold. They are an example of a Lie group, which means
that they are “easier” to handle than other manifolds. We can integrate,
differentiate, and convolve functions in a natural way.

9.1 Integration over Rigid-Body Motions in the plane



cosf —sin 6 a;
g(ay,as,0) = | sinf cos a
0 0 1
Such matrices form a group under the operation of matrix multiplication,
and the bi-invariant integration measure on this group is defined using
the following procedure. First, observe that the basis elements of the Lie
algebra G = se(2) are:

001 10¢
X;=1000 — exptX; =010

000 001

000 100
Xo=(1001 — eXth2: 01¢

000 001

0—-10 cost —sint0

1 00| = exptXs= | sint cost 0
000 0 0 1



It is easy to see that
g(ay, as,0) = exp(a; X1) exp(as Xs) exp(0X3)

where exp(-) is the matrix exponential. Furthermore, it can be shown by
direct calculation that

g_lﬁg = U{Xl + UgXQ + ng
and
((9g)g_]L = vlle + véXg + wX3

where 0g denotes any of the partials dg/0a; or dg/06. This means that
we can extract the relevant information from the above expressions into a
vector as:

r l
U1 51
(97'09)" = [ vy | or ((09)g™")Y = | v}
w w

The bi-invariant volume element is then obtained as

dg = |detJ,|daidasdd = |detJ;|dadaydd



where

o-[() () (%)
o[ () (3]

The fact that J.(gog) = J.(9) and Ji(gg0) = Ji(g) is obvious from their

definition. The bi-invariance therefore follows follows from the fact that
|detJ,.| = |detJ;|, which in this particular case is equal to the number 1.

and

9.2 Integration over Rigid-Body Motions in Space

For the spatial case, we see the invariance of the volume element as follows.
Right invariance follows from the fact that for any constant homogeneous

transform
b Ry by
0 — OT 1 )



0 _ 0 _
hlato) = | (52 holaho) )+ (5 u(gha) ).
Since (gho)~! = hy'g™!, and hohy ' = 1, we have that J;(gho) = Ji(g).

The left invariance follows from the fact that

09 1,1\ 99 1,1\
hog) = |(ho==—¢g "h oo (hg==—g "h
i) = | (g 0y (ot 1)
where 5 5
9 1,1\ _ 9 _1\v
(g™ ") = [Ad(o)] (G297
Therefore,

Ji(hog) = [Ad(ho)]Ti(9).
But since det(Ad(hy)) = 1,
det(Ji(hog)) = det(Ji(g)).

Explicitly, the volume element in the case of SE(3) is found when the
rotation matrix is parametrized using Z X Z or ZY Z Euler-Angles («, 3, 7)
as



1
d(g(w1, 2o, 23,0, 3,77) = 32 sin Bdadfdydridredrs,

which is the product of the volume elements for R? (dx = drydxsdrs), and
for SO(3) (dR = sin fdadfdy). Since (§ € [0, ], this is positive, except at
the two points # = 0 and 3 = 7, which constitute a set of zero measure and
therefore does not contribute to the integral of singularity free functions.

/G Flg™V)dg = /G F(ho g)dg = /G F(g o h)dg = /G f(g)dg.
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Parts Entropy and The Principal Kinematic Formula

Sanderson quantified this with the concept of “parts entropy,” which is a
statistical measure of the ensemble of all possible positions and orienta-
tions of a single part confined to move in a finite domain. Here it is shown
that the rapid computation of excluded-volume effects using the “Princi-
pal Kinematic Formula” from the field of Integral Geometry is illustrated
as a way to potentially avoid the massive computations associated with



brute-force calculation of parts entropy when many interacting parts are
present.

10.1 Problem Formulation

10.1.1 A Continuous Version of Sanderson’s Parts Entropy

Information-theoretic entropy has been used by Sanderson to characterize
parts for use in assembly operations [10]

Sp(t) = —/Gf(g;t) log f(g;t)dg (10.1)

10.2 Multiple Parts And The Principal Kinematic Formula

Suppose that we have two convex bodies, H and K, viewed as subsets of
R"™.

The indicator function on any measurable body, B, (not necessarily
convex and perhaps not even connected) is defined by:



. 1if B#0D
i(B) = {Ofor B =
Note that i(g - B) = i(B).
Let H be stationary, and let K be mobile. Let us denote g € G (where
G = SE(n) is the group of rigid-body motions for bodies contained in
R™). Then, by definition,

gK:{g'X‘XEK}a

where if ¢ = (A, a) is the rigid-body motion with rotational part A €
SO(n) and translational part a € R", then the action of G = SE(n) on
R"is g-x = Ax + a.

The intersection of two convex bodies is a convex body [7]. H N gK
will be a convex body, and fyx(g) = i(H N gK) will be a compactly
supported function on G that takes the value of 1 when H and the moved
version of K (denoted as gK) intersect, and it will be zero otherwise. The
function fg x(g) has some interesting properties. Namely, if we shift the
whole picture by an amount gy, then this does not change the value of



frx(g). In other words,
i(go(H NgK)) = i((90H) N (909K))-
This means that if we choose gy = ¢!, then
frx(g) =i((¢g7"H)NK) =i(KNg™ H) = fru(g").

In the special case when H = K (i.e., they are two copies of the same
body) then fr u(9) = fun(g™'), which is called a symmetric function.

More generally, “counting up” all values of g for which an intersection
occurs is then equivalent to computing the integral

J = /GZ(H NgK)dg. (10.2)

10.2.1 The Planar Case

A closed arc-length-parameterized curve of length L in the plane can be
described (up to rigid-body motion) using the equation:



[ cos(o)do

[, sinf(o)do

where

is the counterclockwise-measured angle that the tangent to the curve
makes with respect to the z-axis and s € [0, L].
For a simple, convex, closed curve,

x =0(L)/2m,

is equal to one.
In the planar case, we can write (10.2) explicitly as

J:/ / / i(H N glay,as, 0)K)daydaydd (10.3)



Theorem 1 (Blaschke, [2]): Given planar convex bodies H and K, then
(10.3) evaluates as:

/ ( )Z(H NgK)dg = 2r[A(H) + A(K)] + L(H)L(K). (10.4)
SE(2

where A(-) is the area and L(-) is the perimeter of the body. Proof: See
2, 12].

In the nonconvex case, we can bound the integral of interest from
below and above by inscribing and circumscribing convex bodies inside
and outside of H and K. Then computing (10.4) with the convex in-
scribed /circumscribed bodies will give lower and upper bounds on (10.4)
for nonconvex H and K.

10.2.2 The Spatial Case

It follows that if B has a continuous piecewise differentiable surface, 0B,

that we can compute
/ dS = F(B)
OB



(the total surface area). Furthermore, if x denotes the Gaussian curva-
ture at each point on the surface, we can compute (via the Gauss-Bonnet
Theorem):

/ kdS = 2mx(B)
OB

where y(B) is the Euler characteristic. In the case of a convex spatial body,
which necessarily is bounded by a surface of genus zero, x(H) = 2-i(B).

In differential geometry a second kind of curvature is defined at every
point on a surface. This is the mean curvature, m. The total mean sectional
curvature is defined as

M(B) = mdS.
0B
In contrast to the indicator function, if we define

{1f01"X€B

vp(X) = 0for x ¢ B

then,



/n vp(x)dx = /de =V (B)

(the volume of B).
Theorem 2 (Blaschke, [2]): Given convex bodies H and K in R?, then

/ | FCH 09K )dg =87V () V(5] (10.5)
SE(3

+2n[A(H)M(K) + A(K)M(K)]

where A(-) and M (-) are respectively the area and integral of mean curva-
ture of the surface enclosing the body, and V(+) is the volume of the body.
Proof: See [2, 12].

10.3 Examples

If part 1 is fixed in space, the second has a volume of possible motions in
SE(n) given by
V =Vol(B"(R))-Vol(SO(n))



where Vol(B"(R)) is the volume of the ball defined by the interior of
a sphere of radius R in n-dimensional space (which is 7R? in R? and
4rR?/3 in R?) and Vol(SO(n)) is the volume of the rotation group in
n-dimensional space (which is 27 for SO(2) and 87 for SO(3)) [5].

Therefore the the positional and orientational distribution of part # 2
computed in the absence of part # 1 would be

for g = (A,a) € SE(n) with ||a]| < R, and f(g) = 0 otherwise.
The entropy of a single isolated part under these conditions is then

Sf :10gV.

In contrast, the total volume in SE(n) that is available for part #2 to
move if part # 1 is fixed in the environment, thereby limiting the range
of possible motions of part #2, will be

V':V—/ i(HNgK)dg
SE(n)



as long as R is larger than half of the sum of the maximal dimensions of
the two parts. Otherwise, the effects of part #1 on limiting the motion
may be even greater. With that caveat,

Sp=logV'. (10.6)

10.3.1 Example 1: The Planar Case: Circular Disks in Planar
Motion

Let part # 1 be a circular disk of radius r; fixed at the origin, and let
part # 2 be a circular disk of radius ro. If part # 2 were completely free
to rotate, and free to translate such that its center stays anywhere in the
large circle defined by radius R, then the part entropy would be

S = log(2m*R?).

In contrast, if all conditions are the same except that the constraint of no
interpenetration is imposed, then

S =log(2n?[R* — (r1 + 1r9)%)),



which just removes the disallowed translations defined by the distance
of the center of part # 2 from the origin in the range [0, 71 + 73]. This
is a simple example that does not require any numerical computation
of integrals of motion, or even the evaluation of the principal kinematic
formula. But it serves to verify the methodology, since in this case

2n[A(H) + A(K)|+ L(H)L(K) =
or[mr? 4 wry] + (27r)) (27r9) =
27T2(T'1 + 7'2)2,

which means that the adjustment to the computation of parts entropy
from the principal kinematic formula (10.4) will be exactly the same as
expected.

10.3.2 Example 2: Ellipsoids of Revolution in Spatial Motion

Consider an ellipsoid of revolution with dimensions of length a, a and b.
The volume can be computed as:



4
V = §7Ta2b.

The values of surface area, F', and mean sectional curvature, M, for
prolate and oblate ellipsoids have been reported in [8], along with a variety
of other solids of revolution. In particular, if a = R and b = Ar with
0 < A<1, then

A2 1+vV1— A\
F=2m? |1+ ——log i
V1— )2 A
and \
arccos
M =27r |\ + ——| .
[ V1-— >\2]
In contrast, when A > 1,
2 1
P — o {1 N A2arccos( /A)]
A2 —1

and



A/\2
M =2 | A4 BAEVA S

A2 —1

In the case of a sphere (A = 1),
4
V= §7T7“3; F =4mr? M = 47

As a specific example to demonstrate this, consider the case of two
spherical parts: part # 1 has radius 1 and part # 2 has radius ro. If part
# 1 is fixed at the origin, and part #2 is free to move as long as its center
does not go further than a distance R from the origin, then the volume of
allowable motion of part #2 in SFE(3) will be

(87%)(47/3)[R? — (r1 + 12)"].
But (10.6) gives the amount of excluded volume in SE(3) to be
8T V(H) + V(K)] + 2r[A(H)M(K) + A(K)M (K)] =
8miAnry /3 + 4nrd /3] + 2r[(47mrd) (dory) + (4ord) (4mry)] =



(3273 /3)(r? + 73 + 3riry 4+ 3r173) =
(327 /3) (r1 + 12)°.
And this too matches the direct analytical calculation for this simple ex-
ample.

10.4 Extensions And Limitations

The principal kinematic formula has been used to compute integrals of the
form

J:/i(HﬂgK)dg.
G

that arise when calculating the entropy of convex parts that can be placed
uniformly at random. In integral geometry, generalized integrals of the
form

J1:/M(HﬂgK)dg
G

can be computed in closed form for bodies that are not convex, where u
can be the volume, Euler characteristic, surface area, mean curvature, or



Gaussian curvature. This is not directly applicable to the current discus-
sion, though it does open up intriguing possibilities.
A quantity that is not directly addressed in integral geometry is

Jy = /G i(H 1 gK)p(g)dg

where p(g) is a probability density function on G. This would be some-
thing that is useful for parts entropy calculations. The author is currently
investigating this.
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