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Abstract

We present a unified method to generate conformational statistics, which can be applied to any of the classical discrete-chain polymer models.
The proposed method employs the concepts of Fourier transform and generalized convolution for the group of rigid-body motions in order to
obtain probability density functions of chain end-to-end distance. In this paper, we demonstrate the proposed method with three different cases: the
freely rotating model, independent torsion-angle energy model, and interdependent pair-wise energy model (the last two are also well-known as

the rotational isomeric state model). As for numerical examples, for simplicity, we assume homogeneous polymer chains. For the freely rotating

model, we verify the proposed method by comparing with well-known closed-form results for mean-squared end-to-end distance. In the
interdependent pair-wise energy case, we take polypeptide chains such as polyalanine and polyvaline as examples.

© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Conformational studies on polymer chains have been
applied to a number of areas, such as polymer science and
biophysics, including protein folding [1,2]. An important
quantity in conformational studies is the end-to-end distance
distribution, or probability density function (PDF) of end-to-
end distance.

From the ensemble average of end-to-end distance, or its
distribution, many observable quantities can be predicted,
including the radius of gyration, the viscosity of dilute polymer
solutions, local concentration, scattering of radiation, etc. [3].
Another interesting quantity that depends on the end-to-end
distance distribution is the reaction-limit rate, which is one of
the crucial factors in loop formation in polypeptide chains [4].
It has also been shown that the end-to-end distance distribution
is important in obtaining force-extension relations and elastic
properties of semifexible polymers [5-7]. Well-known works
by the Mark group have shown that elastic properties of
polymer networks with and without filler particles can be
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derived from the end-to-end distance distribution of a polymer
chain [8-12]. In order to determine this probability distri-
bution, one needs a theoretical model for a polymer chain.
Several phantom models of polymers have been developed to
analyze their statistical behavior. These can be categorized into
two main groups.

The first group consists of continuous chain models, which
need mechanical properties such as bending/twist stiffness and
persistence length, etc ([1,13,14]). Representative examples of
this group are the Kratky—Porod model or worm-like chain
(WLC) model, Yamakawa helical wormlike chain model, and
Marko-Siggia model [14-17]. For example, attempts have
been made to generate end-to-end distance distributions with
the WLC model [18-20]. These works employ mathematical
techniques from quantum physics to compute end-to-end
distance distributions theoretically, and compare those with
the results from Monte Carlo simulation. Also, Zhou has shown
that loops in proteins can be modeled using the WLC model
[21]. In another work, end-to-end distance distribution
functions for polyelectrolyte chains have been derived using
a charged WLC model, together with excluded volume effects
[5]. Recently, one unified methodology has been reported by
which one can describe probability density functions with
respect to all continuous phantom models with quadratic
energy function [22]. Also Zhou and Chirikjian have succeeded
in generating probability density functions for bent semifexible
polymers with this general approach [23].
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The second group consists of discrete chain models ([1,13]).
For example, the freely-jointed model, freely-rotating model,
independent energy model, and interdependent pair-wise
energy model (the last two are also called the rotational
isomeric state (RIS) model) fall into this category. Among
these models, the RIS model is treated as the most general one
[3]. The end-to-end distance distribution for the freely-rotating
model is known analytically [24]. As for the RIS model,
several approximation methods have been developed to
generate the end-to-end distance distribution [25-28]. These
works use least squares inference together with the character-
istic function (which is the classical Fourier transform of the
spherically symmetric part of the end-to-end distance
distribution) to obtain even moments of the end-to-end distance
distribution. These works have been applied to symmetric and
asymmetric chains [29]. Other widely used methods are
numerical techniques considering full atomic detail in both
polymer chains and solvents. One such technique is molecular
dynamics (MD) simulation [30,31]. This method, however, has
one big drawback that the computational cost is too high.
Monte Carlo (MC) simulation has been preferred instead to
obtain end-to-end distance distribution (e.g. [32]). Another
method incorporates the RIS model (especially the inter-
dependent pair-wise energy model) into MC [3]. In this work,
one can generate many possible conformations of a polymer
chain within the framework of the RIS model. Also, the largest
eigenvalue method can be incorporated into this work to obtain
the end-to-end distance distribution functions of long polymer
chains ([33] and the references therein). A recent attempt
combines MD and MC together such that MD is applied first to
obtain an energy distribution with respect to torsional angle
space and then MC and RIS models are applied for
computation of mean end-to-end distance [34]. However, in
general, MC also has some drawbacks, one of which is that it is
not good for describing the ‘tails’ of some probability density
functions [35]. A very general theoretical methodology has
been published using the generalized convolution on the group
of rigid-body motions [35].

In this paper, we present a unified method to analytically
and exactly generate the probability density function (PDF) of
any of the classical discrete-chain polymer models. The
presented method is based on the generalized convolution
concept [35], and combines it with ideas from non-
commutative harmonic analysis [13]. Our proposed method
can generate the full 6D PDF of relative end-to-end position
and orientation of a polymer chain. Then the PDF of the end-to-
end distance can be viewed as a 1D marginal PDF. Hence, our
method can be applied to both symmetric and asymmetric
chains. It will also be shown that, unlike other methods, the
proposed method can be applied to any type of pair-wise
potential energy in the RIS model. For more specific
demonstrations, we apply the method to the case of the freely
rotating model, independent energy model, and interdependent
pair-wise energy model. For this reason, we describe the basic
mathematics required to understand the formulation in the first
section. In subsequent sections, we formulate the proposed
method according to three different models, and demonstrate
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the efficient implementation of the method and its application
to polypeptide chains. Finally, numerical examples follow
thereafter.

2. Notation and terminology

In this section, we present the basic mathematics, which will
be used in our entire paper.

2.1. Fourier transform for SE(3)

In this section, we give a brief review of the Fourier
transform for the rigid-body motion group. For detailed
definitions and explanations, see Ref. [13].

The special Euclidean group, SE(3), is defined as a set which
contains translations and rotations in 3D Euclidean space. Let g
be an element of SE(3), then g=(r,R) can be written in matrix
form as

R r
g =
o' 1
Multiplication of any two such matrices results in a matrix
of the same form. SE(3) is a Lie group under matrix
multiplication. Here, RESO(3) is a rotation in three-

dimensional space, and is parametrized using ZXZ Euler angles
as

R(e, B,v) = ROT[e3, «]ROT[e;, B]JROT][es, 7]

where ROT[e;,¢] denotes the rotation matrix describing the
rotation by ¢ about the axis parallel to the unit vector e;. r € R
represents translation in three-dimensional space, and is also
parametrized by means of spherical coordinates as

r cos ¢ sin 6
r= | rsin ¢ sin 6
rcos 0

Matrix elements of the irreducible unitary representations of
SEQ3), ls,’m,;,’m(r,R;p), are defined as [13,36]

l
Up g m(®.Rip) = S (100 Ip. sl 10T, (R) (1)

=

In the above definition, the rotational part, Uf,w are matrix
elements of the irreducible unitary representations for SO(3),
which are defined as [37,38]

Unn(R(et, B,7)) = (=1)" " " 0PL (cos ) @)
where «, 8, and vy are ZXZ Euler angles and Pﬁn,n(cos B)is a

generalized associated Legendre function, which can be
calculated by the following integral
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, i [a—m)ld + m)!
Prn(€0s B) = A =i + n)!

27

I—n
X J cos — g e?? + isin— G g 12 3)
2 2
0

I+n
X (cosg “192 1 isin g e“”/z) e d¢

or one can obtain by the following relation using the Jacobi
polynomials

(I—m)!d +m)]"?
P, n(cos g) = {—
—n)! !
{ n).(é—f— n)! ; (4)
X sin™™ _COSm+n P;V_”_" m+n)( cos 6)
2 2 m
The translational part in Eq. (1) is expressed as
T 27
U ml |p’ Sll, m](r) — Qg m/(COS @)eﬂ(m +5)® 71p r 5
6=0 =0 )

X Ol u(cos @)e " ?sin OdOdP

where
p cos @ sin O
p=| psin ®sin O
pcos O
and
— (2141
0 (08 ©) = (=) [ =Py, (c0s ©)

Here, we use i=+/—I as an imaginary unit to distinguish it
from the index i. One can also use the following series form to
calculate the translational part of the matrix elements of [URs
for SE(3):

I'+1
I EPPIRNTY Z g [QU+ D2k + 1),
[l ,m |p’s|l9 m](r) _(471:) k=|llil|1 (21 + 1) Jk(pr)

X C(k,0;1, 5|1, 5)

X Clkym—m's U, m' |, m)YP™ (6, )

(6)

where C(k,0:, s|l, s), Clkm—m'; I';m'|l,m) are Clebsch—
Gordan coefficients, Y,Z”fm/(ﬁ, ¢) are spherical harmonic
functions, and ji(pr) is the kth spherical Bessel function.
According to [37], Clebsch—Gordan coefficients are defined as
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where

W+ =D — 1 + DN — 1, + D)
Al b, D = \/ G+ b4+ D)

Finally, we are at the stage of defining the Fourier transform
for SE(3). Based on the above formulae, the matrix elements of
the Fourier transform of a function F(g), wherein g=
(r,R)ESE(3), is obtained by the following relation

Fipam®) = | F@QU;,, . (g:p)dg (®)
SEQ3)
where dg=dRdr with dR=( 1/87%) sin fdadfdy and dr=
r* sin Odrdfde.
The inverse Fourier transform is defined as
1 - 2 7Sy
F(g) =— p-dp trace(F"U") ©)]
212 —
=0
or in component form as
o0 o0 0 4 l *©
Flg) = Z >3 5 Pl 01U

=o' =Is|i=ls|m/ =1 m=1 ;
(10)

The convolution of two functions on rigid-body motion group
F1(g), F»(g) is defined as
(Fy * Fy)(g) = J Fy()Fy(h™" o g)dh (1)
SE(3)

where h, g€ SE(3). The geometric meaning of this convolution is
that the second function is swept and weighted by the first. For
example, if the full distribution of positions and orientations of
two adjacent segments of a polymer chain are known (Fig. 1),
then the concatenation of the segments yields a chain with
distribution F1*F,. Note that generally the order of concatenation
matters for inhomogeneous chains and F*F,# F,*F if F1#F,.
This convolution of functions on the group can be calculated by
direct sequential products of Fourier transform of each function as

(Fl/*\Fz) =k, F, (12)

Note that unlike the case of the classical convolution theorem
the order of multiplication matters.

2.2. PDF of end-to-end distance

In this section, we derive the probability density function of
end-to-end distance for discrete-link polymer models using the
Fourier transform obtained in the previous section. The PDF of
end-to-end distance, denoted as f(r), is, in fact, a marginal 1D

Cly,my; Ly myll,m) = (=D P20+ 1A, 1, DA/

—m)!(y +m)!l,

_mz)'(lz +m2)'(l—m| _mz)'(l +m1 +m2)'

X Z D!+ L —1—), —my — )/ U — 1L, —my + )\, +my —)!II—1, +my + ! @)
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(F"F2)(9)

Fig. 1. Pictorial explanation of the concept of convolution. The second function
is swept and weighted by the first. If the full distribution of positions and
orientations of two adjacent segments of a polymer chain, F; and F,, are
known, then the concatenation of the segments yields a chain with distribution
F*F,.

PDF of the 6D PDF of relative end-to-end position and
orientation, denoted as F(g) where g=(r, R) €SE(3). The final
form of the result to be derived can be found in the literature
[13,22,23]. However, since those do not contain detailed
derivations, we derive it in this section.

The inverse Fourier transform of F can be obtained using
Egs. (9) or (10). To obtain the probability density function of
end-to-end distance, let us first consider the integral over SO(3)
of F(g)

1
J Fr, R)AR =—— Z

oo
2 S
p dpFl,m;l’m’(p)
SO(3) s, lm' m 0

13)

U:,,(R)dR
SOB3)

i
XS |p. sl jice)

=
If we separate and write for the last integral, then it becomes
2t w27
J 0! (R)AR = J J J (—1)"FeGatmpl (cos BYAR
Jm Jam
50(3) vy=0 =0 a=0

where dR = (1/87%)sin BdadBdy. In order for this integral to
have non-zero value, one can easily find that j=0, and m=0.
The integral on 3, then simply becomes

T 1
J P} o(cos B)sin BdB = JPl(x)dx
8=0 —1

Here, we use the relation wa(cos B8) = P,(cos (), where P; is
the /th Legendre polynomial, and substitute cos § into x. The
integral of each Legendre polynomial becomes zero when /0.

11907

Hence, we find the condition that /=0. Looking at the range of
summation, one can also find that s=0 should be satisfied.
Therefore, Eq. (13) can be expressed in a compact form as

(14)
2. 0 /o
X JP dpFo 0.0 . (P, m'|p,00,0](r)
0

If we integrate Eq. (14) over the surface of a unit sphere and
multiply by 7, then the result will be the probability density
function of end-to-end distance. Let that probability density
function be denoted as f(r), then it is of the form

2w
r2
f(")=2—7t2 J

$=0 =0

F(r,R)dR

SO0(3)

sin 6d0d¢ (15)

Since, [I',m'|p,0]0,0](r) consists of such functions as "¢

and Py(cos ) due to the fact that /=m=s=0, one can easily
find that I’=m'=0 by the similar reasoning with that given
previously. Finally, we can get the end-to-end distribution as

o

2% [ .
for) =" JFS,O;O,O
7T

sin(pr) p2 dp

2r i A .
= JFg,o;o,osm(PV)Pdp (16)

0

Here, we use the equality jo(pr) = (sin(pr))/pr [13].

3. Probability density function of end-to-end distance

As mentioned earlier, we examine discrete-chain polymer
models. In this section, we derive the probability density
function of end-to-end distance for three different discrete-
chain polymer models.

3.1. The freely-rotating model

Let us assume the geometry shown in Fig. 2. Fig. 2 shows a
schematic diagram of the ith link. In that figure, L; corresponds
to the length of the ith bond, «; is the ith dihedral or torsional
angle, and S, is the ith bond angle. Here, we use the convention
that the local z-axis coincides with each bond. Then the
position of the distal end with respect to the proximal end can
be described by means of spherical coordinates,
r=[r cos ¢ sin , r sin ¢ sin 6, r cos 0.

In this case, r=L;, and #=0. Torsional and bond angles are
related to the rotation matrix of the distal end of link i with
respect to its own proximal end, and can be described using by
ZXZ Euler angles Rzx(a, B, v), in which case a=a«;, 8=,
and y=0.

According to the geometry shown, one can find that the
appropriate form of the probability density function for this
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Fig. 2. Schematic diagram of one link. Reference frame is attached so that the
local z axis coincides with each link. «; is the ith torsional angle, and B is the
ith bond angle. These are described using ZXZ Euler angles.

single link can be described using Dirac delta functions. If we
express it explicitly, it is of the form

. 1
'F(r,R(e, 8,7)) = ()0 —Ly) 75— 0(8 = Bo)o(y)

A7)

r2sin 6 sin 8

Here, since the position of the distal end has the singularity
associated with spherical coordinates (6 =0), the ¢ value does
not appear in the above equation. Instead, the effect of
integration with respect to ¢ is included in the constant, so that
consequently, the constant term contains 47/ sin 6 [13]. As
for the « angle, which corresponds to the ith torsional angle «;
of a polymer, we assume that rotation around this angle to be
uniformly distributed, so that the probability density of those
angles is 1/27t. This assumption makes it the freely-rotating
chain model. Then we can take the SE(3)-Fourier transform for
the function in Eq. (17) by using Eq. (8). From Ref. [13], one
sees that

U @P) = DU ()

With the above expression, Eq. (1), the properties of Dirac
2T

delta function, and the fact that f ¢""?d¢ has non-zero value

only when m=0, we can derive the probability density

function of the ith link as

'y pram®) = DL 0lp, 511, 01(xg) Py o(cos By), m =0
(18)
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where r, means the position vector of distal end with respect to
the reference frame attached to the proximal end. In component
form, it can be written as

i S =4
lFl’,m’;l,m(p) = (_1)( )6m,0

20+1

TEa Py {#ek + DLy
k=|I—'

XC(k,0;1,s|l', s)C(k,0;1,0], O)Pf,;,’o(cos B}
(19)
where 0, is a Kronecker delta.

Since, we get the Fourier transform of the probability
density function of the ith link derived above, now we can
obtain the Fourier transform of an N-link polymer by utilizing
the generalized convolution on SE(3), which is simply
expressed in Eq. (12). Let us denote the Fourier transform of
an N-link polymer as F. This can be obtained simply by
multiplying each Fourier transform in reversed order as

F=Np. 'F (20)

when we apply the above arguments to obtain the end-to-end
distance distribution. Since, we only need to consider the case
when s=0, Eq. (19) can be further simplified to the following
form

g r 20+1
F]/,m’;l,m(p) =(_1)(l l)ém,o m

I+

X D {i @k + DiLCh.0:1011.0)f
k=|1-'|

XPf;;',o(COS 50)}
21

where 0,,0 is a Kronecker delta. In the above equation, the
Clebsch—Gordan coefficient can be calculated by the following
simple formula [39]

C(a,0;b,0|c,0)

_ (DFV2e + 1g! (2g —2a)!(2g —2b)!(2g —2c¢)!
(g—a)l(g—D)l(g—o)! (2g + D!

when a+b+c=2g, where g is a positive integer. When a+

b+c=2g+1, the corresponding Clebsch—Gordan coefficients

have zero values. Then by utilizing Eqs. (20) and (16), we can

obtain the probability density function of end-to-end distance
for the N-link polymer chain.

3.2. The independent energy model

In this model, the potential energy is expressed as

N
E(ay,...,ay) = ZEi(ai)
i=1
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With this in mind, we define the PDF of the ith link as

o Eie)/ksT
0(0)o(r —Ly) — 0(8 —Bo)o(v)

(22)

Floy) = ———
) r2sin @ sin 8

where g= (r,R(%z,,@,y))ESEG) and the partition function Z is
T
defined as Z= [ e %®*7dq. The Fourier transform of this

. 0
function becomes

iﬁ?’,m’;l,m(p) = J iF(g)Uzm;l/’m/(g;p)d(g)
SEQ3)
1 —E(a)lksT
= | —sor—1)S——
| smowdr—10==

SEG3) (23)

X 8(8 — Bo)d(y) (=) (1" ™

I/
XY 1L =mlp, sl j1(r) U _u(R)drd¢dddadBdy

=

2T
Using the fact that | e'*™9d¢p vanishes except when j= —m,

0
|m| <I' Eq. (23) is further simplified to the following form

21 .
e—E,(a)/kB Telma

'F‘;/’m,;,,m(p) :(—I)H/Pﬁ;/’m(cos Bo) J #da

ST 24)

k .
— ik + DjpLy)
2 +1 Pl

X C(k,0;1,s|l', $)C(k, 0;1,—m|l', m)

only when |m| </'. If not, the above Fourier transform becomes
zero. After that, by using Eqs. (20) and (16) we can obtain the
end-to-end distance distribution.

3.3. The interdependent pairwise energy model

As we did in the freely-rotating model and in the
independent energy model, let us assume the geometry
shown in Fig. 2. The difference now is that

N—1
Ey,.oy) =Y Ejjpi(a ai4) (25)
i=1

First, we define the following. Let d(g_,) be ((Psin 0

sin 8)/87*)drdgdddBdy, and [z o= [y 5o [4 [ ie
only [,(-)de is missing in the integration and measure. We

also define 'F(g)= (4/(r*sin 0 sin 8))6(r — L;,)6(8)(8 — By)
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0(7). Then referring to [13], we can define

Fpam(ps ) = J F@U} (8 2)d(g-)

SEQ3)—a

1 !
_ J 5= 00— LB —Bd(H=D)'
7T

SEQ3)—a

ll
X" i =mlp, sl i)

=

~ l/
XU s (R)drd¢dddBdy

(26)

By the same analogy as in the previous case, due to the fact that
2T

the integral | e!*"™?d ¢ has non-zero value only when j= —m

$=0
only for |m| </, it becomes

ias
Fl’,m’;l,m(p’ ai)

o U +1 L
= (=) 21+1Pﬁn,’m(cos By)e™ Z i (27)

k=|I-'|

X(2k + 1)ji(pL)C(k, 0 |1, )C(k, 0; L, —mll',—m)

Now, let us consider the Boltzmann-weighted convolution of
the ith and i+ 1st links of the form

i,i+1F — J iF(h)i+1F(h—1 og)e_Ei'i+l/kBTdh (28)
SE(3)

If we take the SE(3)-Fourier Transform of the convolution, then
it is written as

Lit1 ﬁ,s(p) _ iF(h)i+1F(h—l og)e_ i.i+|/kBTths(g—1 ;p)dg

SE(3)SE(3)
_ J J iF(h)i—HF(gl)e—E,v',-Jrl/kBTUx(gl—l;p)
SE(3)SE(3)

XU*(h™'; p)dhdg’

- J J J HRHUNGp) d(g-a)

a;oiy \SEQ3)—a

X J FU (hip) dh_y) e Bl o dey
SEG)—a
(29)

Here we use g'=h"'og, dg'=dg, U(¢'ohH)=U'E™)
US(h™Y), and US(g™")=T"(g)" . By means of Egs. (26) and (27),
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Eq. (29) can be written in the compact form

i1 s i+1 28 i3S —E. ;i JkgT
SEG) = [ | E o F e e da
QG Qi

(30)

Suppose that there are N links, and let the number density of the
distal end be "™™F, then the Fourier Transform gives

" (p) = JNﬁ’ )" Fpay-)... Fp,ape T da
o
(€2
N—1
where a=(ay,...,ay) and E(a)= )" E;;;(e;, 0 1). Then the

Fourier Transform of the PDF can b&'Gbtained by normalization as

. numﬁvs
F= 2
h (32)

where the partition function Z is defined as

Z= Je_E(")”‘BTda = J J e E@kTqp . dey (33)

«a a ay

Now, we employ a similar method as in Refs. [13,35]. First, let us
define fori+1 </—1

As 128 I—1 28 i+12
F (oo = J J F . E i Epai)

it Q-1

iAS —E: (o
XF (p, a,-)e E"I(a””"a’)/kBTdal_] . .da,»+]

(34)
Then, for example assuming that we divide the total chain into two

segments («y,...,&;) and (&; 4 1,...,), the Fourier Transform of the
number density ™™F becomes

numﬁvs(p) = J J J J i? (P;(X,'H,Oé}v)ﬁ‘(p;amai)
Qo QU O gy (35)

e Eiit1 (@it )/kBTdai+ (da;daydag

In practice, we can break the whole chain apart into segments with
2 or 3 monomers. More specifically, let us define

AS i+1 25 i S —E.
F o) =""F (p,o)F (p,oe sl (36)

Then Eq. (34) becomes

as [ as as
F(pyog,0i13) = J J F (piaipo,043)F (P, a41)
ity Ot (37)

T
Xe ™ Eirita(@i1,010)ky dOlH_deél_H

and we can apply this equation sequentially to reach Eq. (35). After
that, we can apply the same normalization as in Eq. (32). Then the
end-to-end distance distribution f{r) can be calculated from Eq.
(16).

Note that, in order to obtain the partition function Z, we can
apply the same, method descrlbed above. Specifically, if we use
1 instead of 'F (p; ;) and "' F (p; a;1) in Eq. (36), then the
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convolution-like function eventually gives the partition
function.

4. Efficient implementation

In numerical work, computational cost is often a critical
issue. In this section, we mention efficient methods for
calculating the end-to-end distribution with the proposed
method.

Among the three different models presented in this paper,
the computational speed for the freely rotating and the
independent energy model cases is faster than that of the
interdependent energy model. We can store the Fourier
transform of each link in advance as functions of the frequency
factor p, then can apply Eq. (12) to obtain the end-to-end
distribution of a given polymer. This process is nothing more
than matrix multiplication.

However, when it comes to the interdependent energy
model case, the situation is not as simple as the two other
cases. As one can see from Eq. (37), one needs double
integration at each step. For example, assume that we divide
one torsion angle into n cells. Then the number of points in
each «; becomes n+ 1. Each process of matrix multiplication
and summation in Eq. (37) needs O(n4) computations. The
main problem is that if we use n=50 or greater than that
(n=100, for example), which is required in most cases
because one needs a large value of n to avoid aliasing effects
in the Fourier transform, then O(n4) is really a huge number,
which means that the direct implementation of Eq. (37) is
not an efficient way to implement the method for the
interdependent energy model case. For this reason, we
present more efficient ways of implementing the interdepen-
dent energy model.

First, we compute the Fourier series of u; 4 (o, aip)=
¢ Lim (@i /ksT Then it becomes

ll+](azvaz+]) - Z Z th]A lma,elmx,ﬂ (38)

——00 p=—00

In practice, if we use a band width, B, for approximating the
exponential of the energy function, then we can utilize the
exponential of the energy function as

§ : § : ii+1 i 1ma, ina;

ll+1(al’al+l) -~ e (39)
m=—B n=—B

Here the Fourier coefficient ii is defined as

21 21T

Li+1 A _ 1 imey —ina;
tmn = -3 J J i1, app)e e T dagdey g

0 0

Also a closer investigation of Eq. (27) gives

l’\S‘

Fl’ m'; lm(p 0() - DZ’ m' Iln(p)elm% (40)
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where

i _p 21 +1
Dy im®) = (D74 TR len/m(cos Bo)

1+

X Y ik + Dj(pL)CK, 0 1,51, 5)
k=|I-1|

(41)

XC(k,0; 1,

—m|l',—m)
for |m|<!'. Otherwise it becomes zero. If we express it in
matrix form, it becomes

ile-,s _ iD |:\eima;\:| (42)

where [\eim""‘\] means the diagonal matrix whose diagonal
elements are of the form . Let us assume that there are 8
links in a given segment of polymer. We can construct the
following by means of Egs. (36) and (39)

1235  2R51AS
F ="F F“lz(a1,042)

B B
2ASIAS12 . ey i
= E E F F ujl,kle"")“e‘k'“2 (43)
j: I:_B

Similarly, we can construct for the 3rd and 4th links as

3428 B &L sasiania
FZE:E:FFM.IEJQ

J="Bky=—B

eijza3 eikza4 (44)

Then 1’415“ " can be expressed, by Eq. (42), as

1,4[33‘ _ Z Z Z 4n [\ei(m4+k2)a4\]

Jiski josky  jik

« J J 3D |:\ei(m3 +j2)a3\] 3,41%27]{2 2D [\ei(mz +k1)az\} (45)

X120, 4 e et daydas ! D | Vel D
ke Uik 2d0s \

where each m; represents the index in Eq. (42) for the ith link.
2T
Due to the fact that the integral | ¢""*da has non-zero value

a=0
only when m=0, this can be simplified further to the following
form

. B B
14 s Z Z 4n {\ei(rm,—&-kz)oq\} 2,3thk21D[\ei(m,+kl)al\]
=—B

J1="B ky=—
(46)
where
2,3 _ 3 2
Ciot = D2 3D 270y, st D 20504, |
Jok ki
3.4 A 1,2 o 34 A
X Wi ky Uik, Uk
47)

4. 2.3
k> Uk, and
fj, represent the Fourier coefficients for E;(ay,a3),

. 1.2
where 0, is a Kronecker delta. Here i

Es 4(03,014), and E; 3(0np,03), respectively. Similarly,

B B
— Z Z SD [\el(ms +kb Yoy \:| 6,7 lel kéSD |:\el(m5 +it)as \]

ji=—Bk/=—B
(43)
With Egs. (46) and (48), we can obtain the following
13Av Z Z SD{ i(mg +K} ag }27C [ 1(m1+j1)0<|\}
_B kl
49)
where
276, =33 70 D[ 270y i, ]
k
Jiok Jke (50)
><4D[\2m5- }45 ZC
jtka,—my \
Here lij is the Fourier coefficient for E4 5(aus,a5). If there are

more than elght links, then one can repeat Egs. (49) and (50) to
obtain ' F where N is the number of links. At the final step,
we can obtain ™" F” by

num S __ N \ 2N-1
B =33 "D omdy | C'D[ V2 ]

Ky
(S

The partition function Z can be calculated similarly with all
F s replaced by 1 in the above procedure.

The above approach has an advantage compared to the
direct double integration in that we do not need to perform
integration. Instead, we can only select the set of indices which
makes the integration of ¢ part nonzero. Then, the total
computational cost for each summation and matrix multipli-
cation processes becomes 0(B4><a2), where the maximum
value of a is O(B). In practice, the number of B as 4-7 can give
a good approximation of the exponential of energy function.
Another issue is that, since u; ;4 1(o;,0;4 1) is already expressed
in terms of harmonics, we do not need a large value of N,
which is the band width in the Fourier transform for SE(3),
compared with the case where the original energy function is
used. Since the computational cost also depends on the size of
Fourier transform matrix for SE(3), one can find that the
approach presented in this section is much faster than direct
double integration approach.

5. Application to polypeptide chains

We can also apply our proposed method to polypeptide
chains. Polypeptide chains have interesting features compared
with other general chains, such as polyethylene, etc. We depict
the diagram of polypeptide chain structure in Fig. 3. First, the
torsion angle around the C-N bond is fixed to be 180°. The
torsion angle between C, and C is called ¥ angle, and that
between N and C,, is called ¢ angle. The allowable range of
values for the angle pair (y,¢$) is obtained from the
Ramachandran plot [40]. This also shows that the behavior
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Fig. 3. Schematic diagram of a polypeptide chain. The torsion angle of the C-N
bond is fixed at 180°. In numerical examples, 8, and 8,,; are assumed 63.8° and
58.3°, respectively.

of a polypeptide chain can be described using interdependent
pairwise energy model. In fact, this is already known as ‘the
Flory isolated-pair hypothesis’ [1,41]. Although it turns out
that this isolated-pair hypothesis requires some modification
[41], it still serves as a good approximation to describe some
features of polypeptide chains. In this section, we apply our
proposed method to obtain end-to-end distance distribution of
polypeptide chain models defined by the Ramachandran plot.

Looking at Fig. 3, as mentioned earlier, unlike other
polymers such as polyethylene, etc. the C—N bond does not
have energy interaction with two adjacent bonds, C,—C and N-
C,,. Let the probability density function of the C-N bond be “F.
If the torsional angle along the C—N bond is 180°, or 7 radians,
then “F becomes

47

“F(g) = o(a —m)o(8 —B,)0(7)o(r —L,,)o(0)

(52)

r2sin 6 sin B

where (3, and L,, are bond angle and bond length of C—N bond,
respectively. Here the w angle is assumed to be 180° or 7
radians. The Fourier Transform for SE(3) gives

20+1
21" +1

W AS

o B
Fywam = €™ Phy . (cos B,) (D"

I+
X > ik + 1)Ck, 03 L, —mll',—m)
k=[I-|

(53)

XC(k, 0; 1, s|l', )jx(pL,,)

for |m| <1I'. Otherwise, this becomes zero. One can, then, define
the following together with Eq. (26)

N A Ag AS
F oy, 0i40) = F (000 F'F (py ) (54)

Then we can apply the method in the previous section to this
polypeptide chain model. Note that the polypeptide chain case
has much simpler form than general polymer chains due to the
fact that

E(a) = E1,2(O{1, 0[2) + E3,4(0{3, 0(4) + ...+ EN—I,N(aN—l’ OZN)
(55)

That is, each pairwise energy becomes independent. Hence, we
can use an energy function with the following form
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e it (@i kg T

Uiy, Qi) = — (56)

where

7 = J Je*Ei.m(anaiﬂ)/kBTdaidaiH (57)
Qi) &

First we consider 8 residues among the polypeptide chain
consisting of N residues. For convenience, let us assume that N
has the form of 2 where & is a positive integer greater than 3.
We can construct the pairwise Fourier Transform-like matrices
as

Lt A5 it ASw ASi AS

F=""F°F'F (58)
for i=1, 3. Then

1,4?5 —4p {\eim4a4\:| 23¢01p [\eimla] \} (59)
where
B B
e =33 EOD om0 2wy | F i
j=Bk=8
(60)

We can do similarly with the subchain consisting of residues
5-8 as

58 F:‘S —3p {\eimga,ﬂ\} 675D [\ eim5a5\} 61)
Then
1,81§s —3p {\eimgag\} 2701 [\eimla,\} (62)
where
5. & 45
He=% > ¢ szk,—ms\} ‘D {\2W5i,—m4\} By,
j=B k=B
(63)

After that, we can repeat until N links are reached. Finally we
can obtain the Fourier Transform of end-to-end distance
probability density function F(g) as

Po) = 4—712ND [\2715%0 \} 2N-1clp {\27'55,,,],0\}
(64)
_Np {\%N’O\} 2Nl [\5m1 ’0\}

Here 47* in the first line is a normalization factor. Because all
u(oy,o;4 1) are normalized according to Eq. (56), the integration
about the final two angles o and «; requires a normalization
factor, which becomes |, [, dojday = 4w,

6. Numerical examples
In this section three kinds of examples are demonstrated: the

freely-rotating chain, the independent energy chain, and the
interdependent pairwise energy chain.
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6.1. The freely-rotating and the independent energy chain
model

First let us take an example for the freely-rotating model. In
order to verify our model, we utilize well-known formulas for
the freely rotating chain model [1]. According to the Flory’s
theory [1], when all the link lengths are the same and denoted
as L, and all the bond angles have the same values as 6§, then the
average of the square of the end-to-end distance for the N-link
polymer chain can be calculated as [1,13]

Py =N + )1 —a) ' — Qa1 =M1 —a) 2 (65)

where a=cos §. If we further normalize the end-to-end
distance with the total chain length (divide Eq. (65) by
N2L2), the equation becomes

_(+ad-a <2a

<r2)n0rmalized = N Nz) (1— aN)(l — 0()*2

(66)

In Fig. 4 are shown the resulting end-to-end distance
probability density functions for two different cases. Here the
number of links in the polymer chain is fixed to be 20. If we
calculate the area under the curves, it gives 1.0000, which
means that the obtained curves truly represent the probability
density functions. In Table 1 are shown the squares of the end-
to-end distance. One can see that the corresponding results are
in excellent agreement with those from Eq. (66). In the
simulations, as the band width for Fourier transform for SE(3)
and upper limit of integration with respect to frequency factor
p, denoted as N, and L, respectively, N,=12 and L,=50 are
used in the case of §=1/4, and N,=16 and L, =60 are used in
the case of 0 =1/6.

3.5

PDF of end-to—end distance

0 0.5 1 1.5
end-to—end distance (normalized)

Fig. 4. Plot of the resulting end-to-end distance probability density functions for
the freely-rotating model. The number of links is set to be 20. § denotes the
bond angle of the polymer chain. The continuous line corresponds to the case
when 6 =1/4, and the dotted line to the case when §=7/6. In the simulations,
the band width of the Fourier transform for SE(3) and upper limit of integration
with respect to frequency factor p are denoted as N,, and L, respectively, and
Np=12 and L, =50 are used in the case of =m/4, and N, =16 and L,= 60 are
used in the case of 6=1t/6.
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Table 1
The comparison of the mean squares of the end-to-end distance

0 From our model From Eq. (66)
T4 0.2502 0.2502
/6 0.4687 0.4688

As for the next example, we consider the following potential
energy

E(ae) = 11.8 +7.66 cos a +4.64 cos 2ac + 8.8 cos 3¢ (67)

in units of kcal/mol, which is the torsional potential energy for n-
butane.[3] In Fig. 5 is shown the torsional potential energy and
exponential of the potential energy. This potential energy has
three minima, gauche * (near = 60°), trans (near « = 180°), and
gauche ™ (near o= 300°). This expression is one general form of
torsional potential energy, which appears in many of polymer
chains. In Fig. 6 is shown the resulting probability density
function of end-to-end distance for this independent energy
model. Looking at part (a), which is the case of the number of
links being 16, one can see that the PDF is described more
accurately as the band width for Fourier transform for SE(3), N,
and the upper limit for the integration with respect to the
frequency factor p, L, get larger. Especially, N, =7 appears to
be sufficient for describing the ‘mountain’ part of the PDF, but in
order for the better ‘tail’ description, we need larger L, such as
40 in that figure. In part (b), we show the PDFs for two different
numbers of links. As one can expect, when the number of links is
128, the resulting end-to-end distance distribution becomes
more concentrated toward the left side.

6.2. The interdependent pairwise energy chain model

We now demonstrate the interdependent pairwise energy
model case. Among various polymers, from natural to artificial
ones, polypeptide chains are of special interest these days.
Hence we take polypeptides as examples of the interdependent

O
e ]
i

potential energy [kcal/mol]
N

0 50 100 150 200 250 300 350
torsion angle [°]

G
Ko

)
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1

exp[-E/RT]
© o o
~ O

yANE |

50 100 150 200 250 300 350
torsion angle [°]

o
o
T

o

Fig. 5. The plot of torsional potential energy and its exponential used in the
example of the independent energy model. (a) the torsional potential energy,
(b) exponential of the torsional potential energy.
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(a) 3 - - - - -

Probability density function

0.2 0.4 0.6 0.8 1 1.2
normalized end—-to—end distance

-=-- 16 links ]
— 128 links

Probability density function

_05 1 1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1

normalized end—-to—end distance

Fig. 6. Plot of the resulting end-to-end distance probability density functions for
the independent energy model. All the monomer chains are assumed to be
identical, with 8,=75.1°. (a) The plot of PDFs with different N}, and L,,. It
shows that as N, and L, get larger, one can describe the corresponding PDF
better. (b) The plot of PDFs with different number of links. From this figure,
one can see that the PDF for chains with a large number of links gets more
concentrated on the left side.

pairwise energy model. In order to generate end-to-end
distance distributions, we need a 2D energy map. One can
find a way to compute the energy map from first principles
using Lennard—Jones potentials [1], or using MD simulations
[42]. In general, MD simulation can be trusted more than just
using Lennard—Jones potentials. However, in this paper, we
generate Ramachandran-like plots as a probability distribution
of torsional energy. The purpose of this example is to show that
the proposed method can generate end-to-end distance
distributions for any type of pairwise energy function, which
justifies the usage of Ramachandran-like plots. We also utilize
the simplified geometric model for a polypeptide chain based
on the same reason above. All the information about bond
angles and bond lengths of peptide units are borrowed from
Ref. [41]. The hard-sphere contact distances are also borrowed
from Ref. [41]. As for hard-sphere radius for residues (alanine
and valine), we treat CH; to be approximately of the same size
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as C, from the fact that, according to [1], the radius of CH, are
greater than that of C by only 0.15 A. Fig. 7 shows the
Ramachandran-like plot for each dipeptide, alanine and valine.
We treat these maps as the exponential of the torsional
potential energy, efir1(@-e+/ksT and the height of each allowed
(gray) region is set at 2. In Fig. 8 is shown the resulting end-to-
end distance PDF for a polyalanine chain with 16 residues.
As mentioned earlier, the small value of bandwidth B, which
is for the classical Fourier series approximation of the
exponential of the torsional potential energy, is good enough
for describing the corresponding PDF, and so is the bandwidth
N,, for Fourier transform matrix for SE(3). In order to verify our
method, we performed MC simulation for polyalanine with 16
residues. In the MC sampling, since the probabilities within the
allowable region are the same, we randomly select a set of pairs
of ¢, ¢ angles to generate as many conformations of a
polyalanine chain as possible given computing/time con-
straints. In practice, we generate 10° conformations to generate
the histogram of the end-to-end distance. In Fig. 9 is shown

(a) 30
300+ -
20 -

2001 L

¢ [

150 F

100k

501 .

1 1 1 1 1 1
0 A0 100 180 200 260 300 380
w[]

)

300 F s

20k “

¢ [7]

1501

S0 E

L 1 L 1 L L
0 A0 100 1580 200 260 300 350
w7

Fig. 7. The Ramachandran-like plots of approximate models for dipeptide used
in the numerical examples. (a) Alanine dipeptide. (b) Valine dipeptide. Gray
represents allowed regions.
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— N,=6, B=5
-~ Ny=11, B=9

25

Probability density function

0O 01 02 03 04 05 06 07 08 09 1

-0.5 1 L

normalized end-to—end distance

Fig. 8. Plot of the resulting end-to-end distance probability density functions for
the interdependent energy model. This corresponds to the case of a polyalanine
chain. The number of residues is 16 in both cases. It shows that lower value of
N, and B is good enough to describe the corresponding PDF of the end-to-end
distance.

the comparison between the result from MC simulation and
that from our method. One can observe good agreement
between both the results, though MC is not able to give the
exact PDF in this situation. We believe this happens for two
reasons: first, the conformational space is too large to allow for
sufficient sampling; and second, random number generators in
software packages (in this case Matlab) are not truly random,
and this lack of true randomness becomes noticable as the
number of samples becomes very large. Also in Fig. 10 one can
see that the PDFs corresponding to different energy becomes
different. Looking at Fig. 11, which shows the resulting end-to-
end distance PDF for polyalanine chains with different number
of links, one can also see that when the number of links is 128,
the resulting end-to-end distance distribution becomes more
concentrated toward the left side.

— proposed method
25l - ;Sl I MC (106 samples)

.| 1T _
15} 7 -

0.5} ]

Probability density function

_05 1 1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1

normalized end—-to—end distance

Fig. 9. Comparison of the result from the proposed method with MC sampling.
In MC sampling, 10° conformations are randomly selected to generate
histogram which is equivalent to PDF of the end-to-end distance. Both the cases
correspond to polyalanine with 16 residues.
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— alanine
-o- valine

25

Probability density function

o 01 02 03 04 05 06 07 08 09 1

-0.5 1 L

normalized end-to—end distance

Fig. 10. Comparison of two different polypeptides with the same number of
links. In this figure, the number of residues is set to be 16.

6.3. The comparison with other chain models

In this section, we demonstrate the comparison between the
end-to-end distance distribution from other chain models
distribution and that from the proposed method.

One can find the formula of the spatial distribution for the
Gaussian chain model and the freely-jointed chain model in
Refs. [1,3]. Following the notation in Ref. [1], the end-to-end
distribution for the Gaussian chain is expressed as

3 312 3,2

(r) (27_5(’.2)) exXp ( 2<r2)> ( )
and for the N-link freely-jointed chain model

1o in(gl)]"
W) = - Jsin(qr) SGD1 gaq (69)
21er ql
0
— 1281inks
6t -o- 16 links E

Probability density function

1 . . . . . . . . .
0 01 02 03 04 05 06 07 08 09 1

normalized end-to—end distance

Fig. 11. Plot of the resulting end-to-end distance probability density functions
for the polyalanine chain for different number of links. As one can see, the
larger the number of links, the more concentrated to the left side the resulting
plot becomes.
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where r denotes the end-to-end vector and r denotes the end-to-
end distance. (rz) corresponds to the mean square of the end-to-
end distance. From these functions, one can obtain the PDFs of
the end-to-end distance as

f(r) = 4mr*W(r) (70)

First we compare the freely-jointed chain model and the
Gaussian chain model with the freely-rotating chain model
from the proposed method. In this example, the number of links
is 20 and the bond angle for the freely-rotating chain model is
/4. Referring to Table 1, we find that (*)=0.2502. We
substitute this value in Eq. (68) to obtain the PDF of the end-to-
end distance for the Gaussian chain. When we use (;"2)=NL2 in
Eq. (68), the resulting PDF of the Gaussian chain model
becomes in-distinguishable from that of freely-jointed chain
model. In Fig. 12, we show the result of the comparison. As one
can see, the freely-rotating chain model generates a different
PDF than the freely-jointed model with the same number of
links. Also, the PDF of the end-to-end distance of the Gaussian
chain model with the same mean squared end-to-end distance
as the freely-rotating chain model is different than that of the
freely-rotating model.

Next, we compare the Gaussian chain model with our
examples in previous sections. That is to say, we take the
freely-rotating chain model, the independent energy chain
model, and the interdependent pairwise energy chain model to
compare with the Gaussian chain model when the length of a
chain is large. Particularly, in this example we take the number
of links is 128 and the bond angle is /4 for the freely-rotating
chain model. As for independent energy chain model, we
utilize the same example in the first subsection. Also we take
the polyalanine chain in the second subsection as an example of
the interdependent pairwise energy chain model. As for the
Gaussian chain model, we first compute () from the results of
the proposed method, and then obtain the Gaussian chain
distribution from Egs. (68) and (70). In Fig. 13 we show

5 T T T T T T T T T

— Freely rotating
-e- Freely joint
-—-- Gaussian

Probability density function
N

-1 . . . . . . . . .
0O 01 02 03 04 05 06 07 08 09 1

normalized end-to—end distance

Fig. 12. Comparison among the Gaussian chain, the freely-jointed chain, and
the freely-rotating chain model. The number of links is set to be 20 in the freely-
jointed and the freely rotating chain models. As one can see, the resulting PDFs
are different according to each model.
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-—--Gaussian
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-1 . . . . . . . . .
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-—--Gaussian g

Probability density function

- . . . . . . . . .
0 01 02 03 04 05 06 07 08 09 1

normalized end-to—end distance

Fig. 13. (a) Comparison between the Gaussian chain and the freely-rotating
chain model. (b) Comparison between the independent energy chain model and
the Gaussian chain model. (c) Comparison between the interdependent pairwise
energy chain model (polyalanine) and the Gaussian chain model. In all cases,
the number of links is set to be 128. It shows that when the length of polymer
chain is very long, then the freely-rotating chain model, the independent energy
chain model, and the interdependent pairwise energy chain model all become
the same as the Gaussian chain.
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the results of comparison between each of the three different
chain models and the Gaussian chain model. As one can see,
these figures verify that all classical linear chain models behave
as the Gaussian chain as the length of a chain becomes very
large.

7. Conclusions

In this paper, we have presented a unified method to
generate the probability density function of the end-to-end
distance for discrete-chain phantom polymer models. Our
method is based on previous work which utilizes the
generalized convolution and extends it by employing the
Fourier transform for SE(3). The proposed method is general
enough to be applied to any of the classical phantom polymer
chain models. We have formulated the proposed method for
three different discrete polymer chain models: the freely-
rotating model, the independent torsional energy model, and
interdependent pairwise energy model. We have also
developed an efficient implementation method, particularly
for the interdependent pairwise energy model, by approximat-
ing the exponential of the torsional potential function with the
classical Fourier series. We have demonstrated the versatility
of the proposed method by numerical examples. We expect that
this method, which can generate both one-dimensional
marginal PDFs and multi-dimensional PDFs (e.g. PDF for
end-to-end distance and orientation of the distal end of a
polymer chain), can be useful in a wider range of
conformational studies on polymer chains, including artificial
polymer chains and natural ones such as polypeptides and
single-stranded RNA molecules.
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