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Abstract

Binary manipulators are powered by actuators
which have only two stable states. Therefore, they
can reach only a discrete (but possibly large) number
of locations. Compared to a manipulator built with
continuous actuators, a binary manipulator provides
reasonable performance, and is relatively inexpensive
(up to an order of magnitude cheaper). The number
of states of a binary manipulator grows ezponentially
with the number of actuators. This makes the calcu-
lation of its inverse kinematics quite difficult. This
paper presents a combinatorial method for computing
the inverse kinematics of a binary manipulator that
reduces the search space to a manageable size. It also
creates reasonably smooth motions that follow a speci-
fied trajectory accurately (in both position and orienta-
tion), despite the discrete nature of binary actuation.

1 Introduction

Most robots available today are powered by contin-
uous actuators such as DC motors or hydraulic cylin-
ders. Continuously actuated robots can be built to
be precise and to carry large payloads, but they usu-
ally have high price/performance ratios, as evidenced
by the high cost of the industrial robots available to-
day. In contrast, discrete actuators such as solenoids
and pneumatic cylinders are relatively inexpensive.
“Hyper-redundant,” discretely actuated robots are a
promising alternative to traditional robots for certain
applications. A hyper-redundant robot can be built
by stacking variable geometry trusses (VGT’s) on top
of each other in a long serial chain (See Figure 1).
This approach yields a structure with good stiffness
and load-bearing capabilities at a low cost, compared
to traditional non-redundant robots. Using discrete,
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rather than continuous, actuators to power a truss-
based robot increases the reliability and lowers the
cost of the system even further.

The characteristics of binary VGT manipulators
make thern well suited to a number of tasks. They
could be used for inspection or repair in constricted
spaces, where the flexibility and compactness of the
VGT structure is a distinct advantage. They are
also candidates for use in human service applications,
where good performance is needed, along with low
cost. Finally, they are potentially useful in situations
where a very small robot is needed [1], since small
discrete actuators are easier to fabricate than small
continuous actuators.

While the hardware costs of a binary manipulator
are lower than for a continuously actuated manipula-
tor, there is a tradeoff in the complexity of the trajec-
tory planning software. The number of possible con-
figurations of a binary robot grows exponentially with
the number of actuators. For example, a binary robot
with 30 actuators has 23° (approximately 10°) distinct
states, which makes the exhaustive enumeration of all
of its states impractical. The large number of possible
states of a binary manipulator prevents us from com-
puting its inverse kinematics with a brute force search
except for manipulators with relatively few actuators.

This paper describes an efficient combinatorial
method for computing the inverse kinematics and
planning the trajectory of binary manipulators. It
searches for a solution by changing only a small num-
ber of the manipulator’s actuators at any given time.
This approach reduces the size of the search space con-
siderably, and because only a small number of actua-
tors change state, it produces very smooth robot mo-
tions.

2 Previous Work

This section reviews two distinct, but complemen-
tary bodies of literature. First, previous work on the
kinematics of highly redundant manipulators is dis-
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Figure 1: A 10 module binary manipulator built with
variable geometry trusses.

cussed. Then, a brief history of the development of
binary robots is presented.

2.1 Kinematics of Redundant Manipula-
tors

A number of efforts have been made to study the
kinematics and control of hyper-redundant manipula-
tors with continuous actuators, e.g, [2] and references
therein. Chirikjian presents the forward kinematics of
a truss based manipulator in [3]. He has also demon-
strated an approach to computing the inverse kine-
matics of a binary manipulator by making it adhere
to a specified curve [4]. Hughes [5], has analyzed the
characteristics of VGT based manipulators, including
finding estimates of their stiffness using finite element
methods. The kinematics of hyper-redundant VGT
truss manipulators embody elements of the kinemat-
ics of both serial and parallel mechanisms. This is
because an individual module of a VGT manipulator
is a parallel mechanism, while the complete manipula-
tor, composed of a stack of VGT modules, looks more
like a serial structure. It is also possible to build serial-
revolute hyper-redundant manipulators that are struc-
tured like mechanical “snakes.” The forward kine-
matic analysis for such a mechanism is simpler than
for a VGT based manipulator, but a serial-revolute
robot is not nearly as stiff as a VGT based robot.

2.2 Previous Efforts in Minimalist and
Binary Manipulation

Since the high price/performance ratio of most
robots makes them impractical for many potential ap-
plications, efforts to develop inexpensive, but capa-
ble, robots have begun to gain momentum. For ex-
ample, Canny and Goldberg [6] have proposed a re-
duced complexity paradigm for robotic manipulation.
There have also been several efforts to develop reli-
able sensorless manipulation {7, 8]. In sensorless ma-

nipulation, the geometric constraints of a task are ex-
ploited to create a manipulation strategy that is guar-
anteed to succeed even without feedback, within cer-
tain broad limits. For example, Erdmann and Ma-
son [9] have demonstrated an algorithm that can force
an “L” shaped bracket into a known orientation by
placing it on a tray and moving the tray through a
pre-determined sequence of motions.

Binary robots are a natural extension of sensor-
less manipulation. Sensorless manipulation reduces
the need to sense a robot’s environment, while binary
actuators allow us to build a robot without joint-level
sensing of position and velocity. There have been a
number of efforts in the past to build robots with
binary actuators [10, 11, 12]. However, at the time
these projects were undertaken, effective algorithms
for controlling hyper-redundant manipulators had not
yet been developed, nor were computers sufficiently
powerful to control robots with many degrees of free-
dom, even if they could have used the control algo-
rithms that are currently available.

Recent results in binary robotics research include
an efficient algorithm to compute the workspace of bi-
nary robots [13] and a method to synthesize a binary
manipulator that reaches a specific set of points ex-
actly [14].

3 Definitions and Description of Algo-
rithm

This section defines the terminology used to dis-
cuss the inverse kinematics algorithm and describes
its implementation. The terminology used here was
originally defined in [13].

3.1 Definition of Terms

Module A moduleis a kinematically independent ele-
ment of a manipulator. For example, an individ-
ual truss of the variable geometry truss (VGT)
manipulator shown in Figure 1 is a module for a
truss manipulator.

Macroscopically-serial manipulator
A macroscopically-serial manipulator is a manip-
ulator that is serial on a large scale, 1.e. 1t can
be represented by a serial collection of modules
{where each module is mounted on top of the pre-
vious one).

Binary manipulator A binary manipulator is a
macroscopically-serial manipulator that is com-
posed of a set of modules with two-state actua-
tors, stacked one atop the other. The modules are
numbered from 1,..., B, starting from the base
of the manipulator.
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Figure 2: A single binary truss module shown in state

110. The bits within the truss are numbered from left
to right.
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Figure 3: A ten truss binary manipulator following a
line.

Each module has a frame attached to its top (Fig-
ure 2). The frames are numbered such that frame
i is on top of module i, and frame 0 is the frame
at the manipulator base. J; denotes the num-
ber of independent binary actuators in module 1.
Therefore, there are 27¢ different combinations of
binary actuator states (and corresponding config-
urations) for the i** module.

Manipulator state The state of a binary manipula-
tor is a binary number, S, whose bits represent
the states of each actuator in the manipulator.
The state of an individual module in the manip-
ulator is denoted by s;, which is a J; bit binary
number. Therefore, the total number of bits in
S is given by J = Zle Ji, so the manipulator

can achieve 27 different configurations. S is con-

structed from the individual module states in such

a way that the state of the manipulator base mod-

ule corresponds to the most significant bits of S.

3.2 Algorithm Overview

The idea behind the inverse kinematics algorithm
presented here is to find a set, or sets, of actuator
states that cause the manipulator to reach a certain
location in space, and also optimize a certain property,
usually the distance between the end-effector and a
desired location. Other metrics for measuring error in
both position and orientation can be used analogously,
e.g., those defined in [15, 16].

To avoid exponential growth in the search space as
the number of actuators grows, we solve the inverse
kinematics incrementally by changing only a small
number of actuators at a time. For example, in the 10
module truss with 30 DOF in Figure 1, we might try
to minimize the error between the end-effector and
the goal, by changing only three of the actuators at

one time. In this case, we need only search (33()), or

4060, possible solutions, instead of the 230 we would
have had to explore if we searched all possible config-
urations of the manipulator. The principles on which
the algorithm is built are described in more detail in
the following sections.

3.2.1 Searching Robot Configurations

Consider the standard definition of the binomial the-
orem [17)]:

(=+y)" =Xn: (?) =yt (1)

i=0
If welet z = 1 and let y = 1, we get the following
result:

1+ = i(?)l‘l”'i (2)

=0

r = Y(3) 3)

=0

i

Therefore, if we have a 10 module truss robot, for
example, we can search its entire state set by taking
its current state and looking at all zero bit changes
from that state, then all one bit changes, etc., until we
have considered all 2" states. Obviously, if we take this
approach to its logical conclusion, it is no better than
searching all 2™ states in numerical order. However,
if we are willing to move the robot toward its goal
by searching for changes in only a small number of
bits at any given time, we can obtain a substantial
performance gain — to the point where we have a
practical algorithm, even for robots with many degrees
of freedom.
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Figure 4: Position error for line tracking task.

3.2.2 Complexity of the Algorithm

While a brute-force search of a binary manipulator’s
workspace requires computational effort of O(2%), the
combinatorial algorithm presented in the previous sec-
tion can be executed in polynomial time, if we fix the
number of bit changes that we search, regardless of the
number of DOF in the robot. Consider a VGT robot
with J actuators, which we move toward its target lo-
cation by changing no more than % of its actuators at
a time. To do this we must search through:

(2)+(1)+(G)++() )

candidate states to find the one that best moves the
robot toward its target position. Note that the oper-

ation (Z) is defined as follows:

n n! 1 n!
(k):k!(n—k)!zﬁ(n-k)! (5)

We can expand this equation into:

n\ _ lnm-1)..(n-k)...1
(k) Hn-Rn-k-1).. .1 (6)

1
= Grr=1)(n-2)...(n=k+1) (7)

|

This equation has k& terms involving n. Therefore,
O(n*) time is required to enumerate all the combina-

: , for all n, with k fixed.

An interesting implication of Equation 6 is that a
search for a state change of a single actuator (i.e. one
bit) in a VGT truss robot can be accomplished in lin-
ear time. Changing the position of only a single ac-
tuator is unlikely to make the robot reach its goal
position, but iterating the search several times can
make the end-effector approach its target with more
and more accuracy.
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Figure 5: A ten truss binary manipulator following a
ellipse.

Error as Fraction of Manipulator Length

4,00 5

E A AV
B0 AVNANA
§ o AR
JORE iAAVA AN AN LN VA

0.00 020 040 0.60 0.80 1.00

Ellipse Parameter {t)

Figure 6: Position error for ellipse tracking task.

3.2.3 Smoothness of Motion

1t can be difficult to make a binary manipulator follow
a smooth trajectory, because the path that it follows
between any two discrete states cannot be specified
precisely. The algorithm presented here addresses this
problem in two ways. First, because it explicitly con-
trols the number of bits that can change at one time,
we can limit changes to only a small number of bits,
which reduces the overall change in the manipulator’s
configuration. Second, we can try to minimize our
position error by examining changes to the least sig-
nificant bits of the manipulator’s state first (i.e. the
top of the manipulator), which gives preference to rel-
atively small motions of the manipulator. To imple-
ment this behavior we must generate the state com-
binations in lexicographic order, from least to most
significant. The lexicographic ordering algorithm used
for the work in this paper is described in [18].
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3.3 Algorithm Description

This section presents a detailed description of the
combinatorial inverse kinematics algorithm.
Inputs to the Algorithm:

1. EE4.,, the desired position of the manipulator’s
end effector.

2. EEpou, the current position of the manipulator’s
end effector.

3. Pnow, the manipulator’s current state vector.

4. Nypae, the maximum number of bits allowed to
change in the manipulator’s state vector.

5. B, the number of degrees of freedom (same as
number of bits) of the manipulator.

6. The geometry of the manipulator modules for
computing the forward kinematics (using, for ex-
ample, the method in {3]).

Implementation:

/* dmin is the distance from the old to new location. */
dmin = cost(EEges, EEpnow )

/* Pmin is the closest state vector to the desired position. */
Pmin = Pnow

/* bmin is the number of bits we changed to get to pynin. */
bmin =0

for i =1 to nyas

forj=1to (I:)

/* Get combo j in lezicographic order. */
¢ = combo(B, i, j)
Ptest = C D Prow
/¥ fwdKin(z): fwd. kinematics for state z. */
dtest = COSt(EEdu ’ deKin(sz))
if diest < dmin then
dmin = dtect
Pmin — Ptest
bmin =1
end
end
end
return dmin, Pmin, bmin

4 Results

The inverse kinematics algorithm was run on a
number of sample trajectories with the ten module
VGT manipulator shown in Figure 1. Three repre-
sentative examples are shown here. The top and bot-
tom links of each module in the manipulator were 0.08
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Figure 7: A ten truss binary manipulator following a
path with cusps.

units wide, and the upper and lower actuator travel
limits were 0.12 and 0.08 units respectively for all ac-
tuated links. In all cases, the robot started out with
its actuators contracted (i.e. in state 0). It was moved
to the initial point on the trajectories by iterating the
combinatorial algorithm three times, with a maximum
of three bit changes at each iteration. The desired tra-
jectory was broken up into ten segments (twelve for
the curve with cusps), and was followed by moving
the robot to the end of each segment with only one
iteration of the algorithm with a maximum of three
bit changes. Therefore, between any adjacent target
points on the robot’s path, the configuration of the
manipulator differs by no more than three bits. Fig-
ure 3 shows the manipulator following a straight line.
Figure 5 shows the manipulator tracking an elliptical
path, and Figure 7 shows the manipulator tracking
a path with sharp corners or cusps. The cusp curve
was generated by reflecting one-quarter cycle of a sine
wave about both the z and y axes. In all of these
examples, the cost function was simply the cartesian
distance from the current end-effector position to the
desired position (i.e. cost(py, p2) = ||p1—pa2l|). Figures
4, 6, and 8 show the corresponding errors from the de-
sired trajectory (as a percentage of the manipulator’s
shortest length) for cach of the examples presented.
In these plots, it is assumed that all actuators in the
manipulator travel from one stop to the other at a con-
stant rate. This assumption is used only to illustrate
that the deviation is rather small.
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Error as Fraction of Manipulator Length
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Figure 8: Position error for cusp tracking task.

5 Discussion and Conclusion

Binary actuation offers us a way to create manipu-
lators that are simultaneously fast, rigid and inexpen-
sive. The biggest obstacle to the use of binary manip-
ulators has been the challenge of planning the trajec-
tory of a highly redundant manipulator effectively. In
this paper, we presented an algorithm for computing
the inverse kinematics and generating smooth trajec-
tories for manipulators with binary actuators. The
algorithm executes quickly and produces precise and
smooth motions.
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