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Abstract. In this paper we propose a computationally efficient method for the steer-
ing of flexible needles with a bevel tip in the presence of uncertainties for the case
when there are no obstacles in the environment. Based on the stochastic model
for the needles, we develop a new framework for path planning of a flexible nee-
dle with a bevel tip. This consists of three parts: (a) approximation of probability
density functions for the needle tip pose; (b) application of a second order error
propagation algorithm on the Euclidean motion group; and (c) application of the
path-of-probability (POP) algorithm. The probability density functions are approxi-
mated as Gaussians under the assumption that the uncertainty in the needle insertion
is fairly small. The means and the covariances for the probability density functions
are estimated using the error propagation algorithm that has second order accuracy.
The POP algorithm is adapted to the path planning for the flexible needles so as to
give the appropriate steering plan. Combining these components and considering 5
degree-of-freedom targets, the new method gives the path of the flexible needle that
hits the target point with the desired hitting direction.

1 Introduction

A number of recent works have been reported on the topic of the steerable flexi-
ble needles with bevel tips that are inserted into soft tissue for minimally invasive
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medical treatments [1, 2, 7, 12, 17]. In this problem, a flexible needle is rotated
with the angular speed ω(t) around its tangent while it is inserted with translational
speed v(t) in the tangential direction. Due to the bevel tip, the needle will not fol-
low a straight line even when ω(t) = 0 and v(t) is constant. Rather, in this case the
tip of the needle will approximately follow a circular arc with curvature κ when
the medium is very firm and the needle is very flexible. The specific value of the
constant κ depends on parameters such as the angle of the bevel, how sharp the nee-
dle is, and properties of the tissue. In practice κ is fit to experimental observations
of the needle bending in a particular medium during insertions with ω(t) = 0 and
constant v(t). Using this as a baseline, and building in arbitrary ω(t) and v(t), a
nonholonomic kinematic model then predicts the time evolution of the position and
orientation of the needle tip [12, 17].

One of the most important tasks related to this flexible needle is that we should
control the needles in order to get the desired tip position with or without the desired
final direction, because the needles are used for drug injection or biopsy at a spe-
cific location. The path obtained by planning algorithms will be used for the actual
control of the needle. In this paper, we focus on the path planning for the flexible
needle.

A stochastic model for the steering of flexible needles with bevel tips has been
developed in [12, 13]. It adopted the unicycle nonholonomic kinematic model [17].
Furthermore, it includes white noises weighted by coloring constants to capture the
nondeterministic behavior of the needle insertion. This method, which is reviewed
in detail in Section 2.2, is modified in this paper in such a way that allows for
the closed-form evaluation of probability densities. The benefit of the closed-form
method developed here is that it enables fast path planning. In order to evaluate the
parameters that serve as the input to this closed-form probability density, the kine-
matic covariance propagation method developed in [14] is used. This probability
density function is used for the path planning that was developed in [12, 13]. Like
the work by Mason and Burdick [11], this path planning algorithm is an extension of
the path-of-probability (POP) algorithm presented in [8]. Duindam et al. presented
a path planning method for 3D flexible needle steering [7]. Although they consider
3D needle steering with obstacles, only positions of the targets are aimed for in that
work. Our method gives a path that hits the goal position with the “desired direction”
in a 3D environment without obstacles.

There exist some methods for steering nonholonomic systems [10]. Since some
of them use the concept of optimal control, it is computationally intensive. Further-
more, since the needle system is not small-time locally controllable [12], the small
changes in the goal pose can lead to large changes in the optimal path. We also note
that Brockett’s theorem says that some nonholonomic systems can not be stabilized
to a desired pose using a continuous feedback. The POP algorithm used for the nee-
dle path planning in this paper has benefits compared to the existing methods based
on optimal path following or optimal control: (1) At each time step we can make
a choice about what control input to use, independent of the previous step, which
means that this control is discontinuous and the limitations imposed by Brockett’s
theorem do not apply; (2) The path that we generate is not the path of minimal
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length, or optimal, and so the solution is not as sensitive to small changes in the
desired position as methods based on optimal control. Of course, this means that
our paths may be a little bit longer, but we believe that they are also more robust to
perturbations.

2 Mathematical Methods

2.1 Review of Rigid-Body Motions

The special orthogonal group, SO(3), is the space of rotation matrices contained in
R

3×3, together with the operator of matrix multiplication. Any element of SO(3)
can be written using the Euler angles as [6]

R = Rz(α)Rx(β )Rz(γ),

where α , β and γ are the ZXZ Euler angles, 0 ≤ α,γ ≤ 2π , 0 ≤ β ≤ π and

Rz(θ ) =

⎛
⎝

cosθ −sinθ 0
sinθ cosθ 0

0 0 1

⎞
⎠ , Rx(θ ) =

⎛
⎝

1 0 0
0 cosθ −sinθ
0 sinθ cosθ

⎞
⎠ .

The Euclidean motion group, SE(3), represents rigid-body motions in 3D space. It
is the semi-direct product of R

3 with SO(3). The elements of SE(3) can be written
as [6]

g =
(

R t
0T 1

)
, (1)

where R ∈ SO(3), t ∈ R
3 and 0T denotes the transpose of the 3D zero vector.

Given a time-dependent rigid-body motion g(t), the quantity

g−1ġ =
(

RT Ṙ RT ṫ
0T 0

)
∈ se(3) (2)

(where a dot represents the time derivative) is a spatial velocity as seen in the body-
fixed frame, where se(3) is the Lie algebra associated with SE(3). We identify se(3)
with R

6 in the usual way via the mappings ∨ : se(3) → R
6 and ̂ : R

6 → se(3),
given by

ξ = (g−1ġ)∨ =
(

(RT Ṙ)∨
RT ṫ

)
=
(

ω
v

)
∈ R

6

and

ξ̂ =
(̂

ω
v

)
=
(

ω̂ v
0T 0

)
∈ se(3),

where
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ω̂ =

⎛̂
⎝

ω1

ω2

ω3

⎞
⎠=

⎛
⎝

0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

⎞
⎠ .

The vector ξ contains both the angular and translational velocity of the motion g(t)
as seen in the body-fixed frame of reference.

Let ei, i = 1, . . . ,6 denote the standard basis for R
6. The basis given by a set of

matrices Ei = êi, i = 1, . . . ,6 produce elements of SE(3), when linearly combined
and exponentiated. Specifically we have [6]

E1 =

⎛
⎜⎜⎝

0 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 0

⎞
⎟⎟⎠ ; E2 =

⎛
⎜⎜⎝

0 0 1 0
0 0 0 0

−1 0 0 0
0 0 0 0

⎞
⎟⎟⎠ ; E3 =

⎛
⎜⎜⎝

0 −1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

⎞
⎟⎟⎠ ;

E4 =

⎛
⎜⎜⎝

0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

⎞
⎟⎟⎠ ; E5 =

⎛
⎜⎜⎝

0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0

⎞
⎟⎟⎠ ; E6 =

⎛
⎜⎜⎝

0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0

⎞
⎟⎟⎠ .

The element of SE(3) can be obtained by the exponential mapping as [6, 13]

g = g(x1,x2, ...,x6) = exp

(
6

∑
i=1

xiEi

)
.

Therefore the vector x = (x1 x2 ... x6)T can be obtained from g ∈ SE(3) by

x = (logg)∨.

If X ∈ se(3) is an arbitrary element of the form

X =
(

Ω v
0T 0

)
, and x = (X)∨ =

(
ω
v

)
,

then Ad(g) (the adjoint) is defined by the expression

(gXg−1)∨ = Ad(g)x, where Ad(g) =
(

R 0
T R R

)
. (3)

The matrix T is skew-symmetric, and T∨ = t, when g ∈ SE(3) is given as in (1).

2.2 Nonholonomic Stochastic Needle Model

In a reference frame attached to the needle tip with the local z axis denoting the
tangent to the “backbone curve” of the needle, and x denoting the axis orthogonal to
the direction of infinitesimal motion induced by the bevel (i.e., the needle bends in



Path Planning for Flexible Needles Using Second Order Error Propagation 587

y

z

z

y
κ -1

ω
v

Fig. 1. The definition of parameters and frames in the nonholonomic needle model [12, 17].

the y− z plane), the nonholonomic kinematic model for the evolution of the frame
at the needle tip was developed in [12, 17] as:

ξ = (g−1ġ)∨ =
[

κ 0 ω(t) 0 0 v(t)
]T

, (4)

where ω(t) and v(t) are the rotation and insertion speeds, respectively. The frames
and parameters for the needle are shown in Fig. 1.

If everything were certain, and if this model were exact, then g(t) could be ob-
tained by simply integrating the ordinary differential equation in (4). However, in
practice a needle that is repeatedly inserted into a medium such as gelatin (which is
used to simulate soft tissue [17]) will demonstrate an ensemble of slightly different
trajectories.

A simple stochastic model for the needle is obtained by letting [12, 13]:

ω(t) = ω0(t)+ λ1w1(t), and v(t) = v0(t)+ λ2w2(t).

Here ω0(t) and v0(t) are what the inputs would be in the ideal case, w1(t) and w2(t)
are uncorrelated unit Gaussian white noises, and λi are constants.

Thus, a nonholonomic needle model with noise is

(g−1ġ)∨dt =
[

κ 0 ω0(t) 0 0 v0(t)
]T

dt +
[

0 0 λ1 0 0 0
0 0 0 0 0 λ2

]T [
dW1

dW2

]
(5)

where dWi = Wi(t +dt)−Wi(t) = wi(t)dt are the non-differentiable increments of a
Wiener process Wi(t). This noise model is a stochastic differential equation (SDE)
on SE(3). As shorthand, we write this as

(g−1ġ)∨dt = h(t)dt + HdW(t). (6)

Corresponding to this SDE is the Fokker-Planck equation that describes the evolu-
tion of the probability density function of the ensemble of tip positions and orienta-
tions at each value of time, t [12, 13]:

∂ρ(g;t)
∂ t

= −
d

∑
i=1

hi(t) Ẽr
i ρ(g; t)+

1
2

d

∑
i, j=1

Di jẼ
r
i Ẽr

j ρ(g;t) (7)
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where Di j = ∑m
k=1 HikHT

k j and ρ(g;0) = δ (g). In (7) the “right” Lie derivative Ẽr
i is

defined for any differentiable function f (g) as

Ẽr
i f (g) =

(
d
dt

f (g ◦ exp(tEi))
)∣∣∣∣

t=0
. (8)

For a small amount of diffusion, the solution for the Fokker-Planck equation, (7),
can be approximated by a shifted Gaussian function [13, 15]:

ρ(g(x);t) = (2π)−3|det(Σ)|−1/2 exp

(
−1

2
(x− μ(t))T Σ−1(x− μ(t))

)
, (9)

where g = exp(x̂), and μ and Σ are the mean and the covariance of the probability
density function, ρ(g;t), respectively. This approximation is based on the fact that
for small diffusion the Lie derivative is approximated as [13]

Ẽr
i f (g) ≈ ∂ f

∂xi
.

Using this, the Fokker-Planck equation (7) becomes a diffusion equation in R
6.

Therefore, we have the solution for the diffusion equation as (9).

2.3 Second Order Error Propagation

If a unique value μ ∈ SE(3) exists for which
∫

SE(3)
[log(μ−1(t)◦ g)]∨ρ(g; t)dg = 0,

then μ(t) is called the mean of a pdf ρ(g,t). In addition, the covariance about the
mean is defined as [16]

Σ(t) =
∫

SE(3)
log(μ−1(t)◦ g)∨[log(μ−1(t)◦ g)∨]T ρ(g;t)dg.

Suppose that for small values of t, the quantities μ(t) and Σ(t) corresponding to
ρ(g;t) can be obtained (even if ρ(g; t) is not known in closed form). Then these can
be propagated over longer times. In other words, due to the Markovian nature of the
above model, solutions can be “pasted together” using the fact that the following
convolution equalities hold:

ρ(g;t1 + t2) = ρ(g;t1)∗ρ(g;t2),

where convolution on SE(3) is defined as in [5]. Even if these convolutions are too
time-consuming to compute explicitly, the fact that these expressions hold means
that propagation formulas for the mean and covariance can be used.
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Wang and Chirikjian [16] derived the formulas for the second order propagation.
If a pdf, ρi(g) has mean μi and covariance Σi for i = 1,2, then with second order
accuracy, the mean and covariance of (ρ1 ∗ρ2)(g) are respectively [6]

μ1∗2 = μ1 ◦ μ2 and Σ1∗2 = A + B + F(A,B), (10)

where A = Ad(μ−1
2 )Σ1AdT (μ−1

2 ), B = Σ2 and F(A,B) is given in Appendix. Con-
sequently, we can obtain the mean and covariance for a relatively large t with given
mean and covariance for a small t by this propagation formulas. These can then be
substituted into (9) to obtain a closed-form estimate of the probability density that
the needle will reach any particular pose at any value of time.

3 Path Planning for Flexible Needles

For path planning, we use the algorithm that appeared in [12, 13]. This algorithm
was adapted from the path-of-probability algorithm in [8]. A similar trajectory plan-
ning method can be also found in [11].

In this algorithm, we find the whole path by serially pasting together several in-
termediate paths. Fig. 2. shows the concept of this algorithm. We aim to find a path
that starts at g0 and ends at ggoal using M intermediate steps. The homogeneous
transformation matrix, gi ∈ SE(3) (i = 1,2, ...,M), represents the position and ori-
entation of the ith frame with respect to (i−1)th frame as shown in Fig. 2. Suppose
that the (i− 1) intermediate steps (g1,g2, · · · ,gi−1 ∈ SE(3)) have been already de-
termined. The intermediate step, gi is determined to maximize the probability that
the remaining steps reach the goal. In Fig. 2, the shaded ellipses depict the probabil-
ity density function when we consider the remaining (M − i) steps. In other words,
when we consider (M − i) intermediate steps after gi, the final pose will be in the
dark area with higher probability than the bright area. Comparing the two simpli-
fied cases in Fig. 2, if the previous intermediate steps (g1,g2, · · · ,gi−1) are the same
for both cases, we should choose gi as shown in Fig. 2b, because it guarantees the
higher probability that the final pose reaches the goal pose.

The determination of the intermediate steps can be formulated as

gi = argmax
g∈S

ρ((g0 ◦ g1 · · ·gi−1 ◦ g)−1 ◦ ggoal;τi), (11)

where τi is the remaining time to hit the goal and S is the set of possible intermedi-
ate poses. Now let us adapt this to the needle insertion problem. If ttotal is the fixed
time for the insertion from g0 to ggoal and we have M intermediate steps, each in-
termediate step takes Δ t = ttotal/M. Therefore, we can define τi = (M − i)ttotal/M
in (11). Technically, this formula can not be used for determining the final interme-
diate step, gM , because there is no remaining path. The final step can be determined
to minimize the difference between the resulting final pose of the path and the goal
pose using metrics such as in [4, 9].
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g0

gi-1

gi

ggoal

gM

(a)

g0

gi-1

gi

ggoal

gM

(b)

Fig. 2. The path-of-probability algorithm at the ith step. (a) Evaluation of one candidate move,
gi, with low resulting probability of reaching goal, (b) an intermediate step, gi, resulting in
high probability of reaching the goal.

Since the flexible needle that we consider is usually controlled by rotating along
the axis tangential to the needle curve under the constant insertion speed, the above
algorithm can be modified into the following: The intermediate step, gi can be de-
termined by

θi = argmax
θ∈[02π)

ρ((g0 ◦ g1 · · ·gi−1 ◦ R̃(θ )◦ μ(Δ t))−1 ◦ ggoal;(M− i)ttotal/M), (12)

gi = R̃(θi)◦ gΔ t (13)

where

R̃(θ ) =
(

Rz(θ ) 0
0T 1

)

and gΔ t is one sample path obtained by integrating the SDE (6) up to time t = Δ t =
ttotal/M (which is our model for what a real needle would do over this period of
time), and μ(Δ t) is the sample mean of the SDE (6) at the time t = Δ t = ttotal/M.
The resulting whole path is given as g = g0 ◦g1 · · ·gM. This insertion is achieved by
repeating the twisting without insertion and the insertion without twisting.

It is important to understand why μ(Δ t) and gΔ t are used in (12) and (13), re-
spectively. When determining θi using (12), the ith insertion has not been actually
performed. In order to evaluate the probability, we need an estimate for the sim-
ple insertion after the rotation. Since our needle insertion system has the stochastic
behavior, the mean path, μ(Δ t), is the reasonable choice for the estimate. After
obtaining θi, we need to define gi carefully. The ith intermediate step, gi, is that
we twist the needle by θi and then insert it with constant insertion speed without
twisting. Since the simple insertion is the “actual” insertion, this should not be the
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Fig. 3. Results of path planning for the flexible needles. The thin arrow shows the desired
direction of the needle and the circle shows the target position. (a) Needle path for the
goal, (α,β , px, py, pz) = (0,0.1,1,−1,9.8) (b) Needle path for the goal, (α,β , px, py, pz) =
(π/4,0.1,0,−1.5,9.8)
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Fig. 4. Results of path planning for the flexible needles. (a) Needle paths for the goals,
(α,β , px, py, pz) = (0,0.1,1,−1,9.8) and (π/2,0.1,1,−1,9.8) (b) Needle paths for the goals,
(α,β , px, py, pz) = (π/4,0.1,0,−1.5,9.8) and (−π/4,0.1,0,−1.5,9.8)

mean path. Rather, one sample path obtained by integrating the SDE (6) up to time
t = Δ t = ttotal/M is more realistic choice as in (13).

In practice, μ(Δ t) can be approximated by noise-free path that can be obtained
by integrating the deterministic model (4) up to t = Δ t, if ‖DΔ t‖ is small. D was
defined in (7). In addition, the first covariance Σ(Δ t) that will be put in the propaga-
tion formula can be approximated by DΔ t, because the diffusion by the noise term in
SDE is small. Using the propagation formulas in (10) with the mean and covariance
at t = Δ t, we can compute the mean and covariance at t = 2Δ t,3Δ t, · · · ,MΔ t. Plug-
ging these means and covariances into (9), we obtained the closed-form probability
density function, ρ(g;t). We use this pdf for the POP path planning algorithm.

In the real flexible needle system, if we twist the needle without insertion after the
needle tip hits a target, the whole shape of the needle does not change. Therefore,
out of 6 degrees of freedom of the target, we can naturally specify 5 degrees of
freedom of the target pose using the desired position and direction. The remaining
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rotational DOF (twisting around the needle backbone curve) can be considered as a
free parameter which will be determined to guarantee the reacheability of the needle
insertion system.

The target pose of the needle can be written as

gtarget =
(

Rz(α)Rx(β )Rz(γ) p
0T 1

)
,

where p is a 3D position vector. First we specify the 5 degrees of freedom: α , β
and p using the desired position and direction of the needle tip. Then, for various
values of γ , we repeatedly perform the path planning algorithm until we have a
reasonable path.

Fig. 3 shows the paths obtained by the suggested method. We used the parameter
values, κ = 0.0449, λ1 = 0.08 and λ2 = 0.015. We also set ω0(t) = 0 and v0(t) = 1
in (5). We used 20 intermediate steps. Using a current PC (Intel Core Duo processor
2.66GHz, 1GB memory) the propagation (10) takes 0.33(sec) for 20 intermediate
steps. For given α , β , γ and p, the POP algorithm (12) and (13) gives a result in
0.37(sec), when we use 50 candidates for θ in (12), which are equally-spaced from
0 to 2π(rad). In the example in Fig. 3a, we tested with the 18 candidates for γ ,
equally-spaced from 0 to 2π(rad) and we could find the path with γ = 4.89(rad).
Fig. 4 shows that for the same target position, we can have different paths applying
different desired directions.

4 Conclusions and Discussions

In this work, we proposed a path planning method for the flexible needle. This
method mainly uses the path-of-probability algorithm which requires the probability
density function. Based on the stochastic model for the needle insertion, we approxi-
mated the probability density function for the needle tip pose with a shifted Gaussian
distribution and obtained the mean and covariance for the probability density func-
tion using the second order error propagation theory. Using the path-of-probability
algorithm, the needle paths that reach the goal position along the desired direction
were obtained. Since the propagation formulas need the mean and covariance for
the short length as inputs and compute the mean and covariance for the relatively
long length as outputs, we only have to sample the needle path for the short length.
Therefore we could avoid extensive sampling and long-range integration which are
time-consuming.

This new method has two advanced features. First it uses the second order prop-
agation formulas which is more accurate than the first order one that was used in
[13]. Second, it can deal with the desired final direction of the needle tip, which
was ignored in [7, 12, 13]. Using the second feature, we can generate a needle path
avoiding an obstacle in an indirect way. Fig. 4 shows the possibility of obstacle
avoidance.

We approximated the probability density function as a Gaussian assuming small
diffusion. Thus evaluation of the probability density function is less reliable in a
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distant area from the mean. This aspect eventually affects the performance of our
path planning method. Specifically, if the desired position and orientation of the
needle are away from the mean path, the path planning method does not always
guarantee to give a reasonable path. One solution would be that we should start with
a stochastic model which reflects the given target pose. In this paper, we considered
only one case where the noise-free path is a simple circular arc.1 If we consider
another noise-free path that can be obtained by changing ω0(t) and v0(t) in (5),
the path planning method will work for more various target poses. Future research
should include the method of determining ω0(t) and v0(t) which reflect the given
target pose for better performance of the path planning method.

Acknowledgements. This work was supported by NIH Grant R01EB006435 “Steering Flex-
ible Needles in Soft Tissue.”

Appendix

We review the second order propagation formulae. The entire work including deriva-
tion appears in [16].

If a pdf, ρi(g), has mean μi and covariance Σi for i = 1,2, then to second order,
the mean and covariance of (ρ1 ∗ρ2)(g) are respectively [6]

μ1∗2 = μ1 ◦ μ2 and Σ1∗2 = A + B + F(A,B),

where A = Ad(μ−1
2 )Σ1AdT (μ−1

2 ), B = Σ2. Here

F(A,B) = C(A,B)/4 +(A′′B +(A′′B)T + B′′A +(B′′A)T )/12

A′′ is computed as

A′′ =

⎛
⎝

A11 − tr(A11)I3 03

A12 + AT
12−2tr(A12)I3 A11 − tr(A11)I3

⎞
⎠ ,

where Ai j are 3×3 block matrices in

A =
(

A11 A12

AT
12 A22

)
.

B′′ is defined in the same way with B replacing A everywhere in the expression.
The blocks of C are computed as

C11 = −D11,11

1 Mathematically, the noise-free path and the mean path are not the same in the stochastic
model for the flexible needle. However, we can treat them as the same in practice when the
diffusion is small.
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C12 = −(D21,11)T −D11,12 = C21

C22 = −D22,11 −D21,21 − (D21,12)T −D11,22

where Di j,kl = D(Ai j,Bkl), and the matrix-valued function D(A′,B′) is defined relative to the
entries in the 3×3 blocks A′ and B′ as

d11 = −a′33b′22 +a′31b′32 +a′23b′23 −a′22b′33, d12 = a′33b′21 −a′32b′31 −a′13b′23 +a′21b′33,

d13 = −a′23b′21 +a′22b′31 +a′13b′22 −a′12b′32, d21 = a′33b′12 −a′31b′32 −a′21b′13 +a′21b′33,

d22 = −a′33b′11 +a′31b′31 +a′13b′13 −a′11b′33, d23 = a′23b′11 −a′21b′31 −a′13b′12 +a′11b′32,

d31 = −a′32b′12 +a′31b′22 +a′22b′13 −a′21b′23, d32 = a′32b′11 −a′31b′21 −a′12b′13 +a′11b′23,

d33 =−a′22b′11 +a′21b′21 +a′12b′12−a′11b′22.
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